
& Morphisms bettune EC/K .

Fact :Crigidity them!Pay Morphism E.
- En is a translate of gp houphism.

*
any go homphism E.-+ EL is either

triist , or an isogeny.

properties of isogenes · Jettemen EC over a field K
. fiE+El

& finite . (projective + finite fiber)
& flat (miraculous flatness theorem) ·

& kerf is a finite flat. group scheme. (N+20) .

8. f is tale > Kerf is anetale group
scheme.

-
base change& unranified at D

, group
translate .

⑤ & is tale. if f
*

Le' -> He is=jj)(yy = 0) .-

X
D

60oh0z bij TEIx TE . f(x) is is⑳ ·

(deff , chark) = 1E & isetale .

1) Since f = [degf] · it suffices to show [m) is tale
.

New [m] includes

multiplication by m map.. which is inj if (chark , m)=
& whine Cherkz0k=E

, Reof can be weird

Say (ker/ can be 1 or p . (I+ cannot be ph . since otherwiseKer
↑

Iker[p]1 = 1 or pr
Is ordinary . 4/194·

& e-adic a yeadic religations .

E/R .

write ETm] for the m-torsion of E .

·[* (e)
*

l-adia .

If Il

Def (Tate module) TeE = tim ..SEEI -> p
S

= ze* Gal(5/1)
.

(, xEx ,fi

Def (p-dir group) of 130. p VeE = ThEQe

let ECp = fin /Kerlp) re bright re ..)
Il

* Frob e Vermine .

1E(9
%

D@ : IfEcory
&

Dien-module : D(E(p) = Em DD(krp()) = W& DF ,
V semilin

action

Runk& If P= chark > 0 . TgE does not captive enough information
-

RmR 2 ThE is Fetale homology" -> H ( Eis
,
Fl = (E) crystalline Colu

tradi( # ⑮ captures

ECPP) is "Crystalline thomology"- WDE/w) = D(ETPP) deformation of
E .

While itale not



Example : R
= Eg .

W= W(R)
. DIETP1) has two types . Drmk

:Sp-dirsis = See
overperfect Xwib, /

free.

Rmk2. K: Eg , though classification
of Dien-mulus

↑ Cordinary) . Elp DIE(P) = We We n thisoperclas

im e/= F=
* (supersigner) ((E(y) = We Wer All

V Tel = (9 , /Tel
zP

& Functoriality of realizations . 8.+ty) : V = (c) Fu = (p')(e)) = pid .
iSt .

Notation : E.,Er/R :
·

Exaple : It fyrtEnd(E) ....ther ,

TrEFPTeE is ing of trusion
cle

-

&

1Xn
,

Ym+ .
---

, X 1,8) 1 fxul , " , f(x , 10)
y ~ I

=

&
Hom /E .,Ev Hom(TeCEI

,
TeCErl) the injective . f(x +)= 0R +- Tef

&
Gal[[I] &

-

Have
natural maps. Hom (G, (4%. EcTpY)· = 0

F ,V .

# : Ef - 0
,

then fistonoposionPtsdf .
o of elf) then ealf. I

=> elf .similarity of pu/figs than pulf. => f factors though EE/ETE)
Home ,Exe Ho ,TelEel)

Gal(t2/k) are injective.
* 24

or Mom (E ,<p%, ErTp%)
·

with torsion freePr .
Cokernel .

Sketch : to simplify things .

Let E= Ev =E (general mentrt :

) .let A = E , xE2 ,

and prove
this for abelian var

suppose . E Pet indep elemets #"frEEnd(X)
and C,

... of Ze ,

So

Thfe +. --CrEef = 0 .. assume v is minimal

positidetate<f.g= deg /f+ g) - deff-degg. dedef
> 0 (B(f ,f) 0)

Consider :

bilientfairing I Schinmit orthegolization)Change basis , can assure fo
+ fi (j) 1). and Sealing

let me It ·

choose integers Mi
= Ci (mode").

& Ewnlet g= nifit---turfr .

then /Teg-TeCfr)
b ↑

s en1g .

so ehl <figy = m <fifiy en/C4f ,fix
&

S C,
is divisible by arbitrary !" GO #.

-

Coker tor-free : Say & HomITeCE) ,TeLEn)) is 10 8= ef & & & I Hom (E, E2] * 22 , then

let 0= C.# + -- .Ent ,
d
,
-- Ethe . Hi Er).

& P:--Or I-independentS

-

Not divisive bylet= Xi (mode)
& Cor = HomIE , En) is a free .X-module then & = n ,d, +... +n

Pf : Hom(TelE) ,TeCErI) = e04 varicep e) 90 = 19



& [rogeny thu) . Ris a finitely gen field (fruite
field

# field. function field
over fir-HomplE .Er@e= Hom ITIE . )

.

TeLEri & or # find
G so

*4
=

Hour
,
rIE, 19%. ETPO).

if E = Ez also G acts simi-simplely on Ve(E) .
sketch a reduce to can E = EFEr (A = E, xEr)

.

* of Finiteness of Bogeny class .
over R .

↳ finite : trivial.
Faltings height

R # field
-

functionfieldeights .Darhin
(

& purely algebraic manipulation :

⑧ Characteristic polynomi : let fE EndlE) .

get if -End(VE) The characteristic polyial. is

of form x- (Tif) x + det (Tif) = 0 .
-

Thm : Ndet (Tef) = deff
&

(
&

↑

* trItef) = It deff-deg21-f) .
& (*) is te independent is called the chor poly of f . in

fact , it of thePolymia MsGh)
= deg (n- f) .

Sketch : @ = & since for any matrix A ,
we have DE

↓ (A) = It def(A) - def( +A) . deg (n = f)= def (TeIn-t)/ -
so tlTef)= It det2Tef) - det (Te(l-f() .

= det (n-Tef)
.

det Het
.

= Cherpoly(Tef)
proof of i ?

Pf I = Il

Silverman" Weil pairing" /Essentially : Het = Ht * fact by degf "i



Ifz say cherk
= 0 (Cherk = - is similar) .

at TE =TE . (edelic realization)·
roughly Kerf.

then dyf = /To fice
Think off as matrix on TEQ
-

Then deff = det[Tzf) .
Now End (E)* End [TzEQ)

f- Tif- #
·

&zod
Tef

dief = det [Tif) = det 1ef ?
-

↓

philosophy :f , as a linear operator , is "defined
over &"

& projecting to Jef loses no information

& when chark= p , replace THE by DY)



& EC : over finite field .
E = Fo Eartha

, bER
.

&

P

Frotemins The: (absolute Frob) Gor Crelative 56) E - E
or (x , y)=> (x,y8)

Fact : The is an group houphism
. (rigidity) uralyinseparable

-

-

tagent space anguent .Charpoly (DE) : x- +x+ q = 0 (*)
+

Fact : De .

Ye are two roofs of E1 . (Suce The is a root , so is &
&

1 Te
= z)

.

The = N(coutypts) + =

q+ 1 - #z(g)
② (Halseweilfoud) It ! 2Jg . (It can homen that + = 25g .

)
.

then E is SS

# :Ot = 1 + deg De = dy (1-DE) .
& deg(t! = HE (Fg) , dythe = 8

totale : Look at induced map on Fargent spaces.

⑪ Identity [T1) & End (E) with I

so Odeg (mIz nye) = (m1e-nT) (mFinTE)
= m + ng-umbe+Ye)
= me+ rig-nm .t

4 = +- gx = (t) = 2/g A

The : TEAE Slogan : EC/ogery ·

# Traverob.
① E , ~Es oveR

.

& VeCE) a KCEn as G-modules

& Ve(E . ) ~KCErl as Re-wolkes
& Charply (PE) = Cherply (Tee
& TrITE) = In Her
& E , (k) = #E(k)

E &
ats semi-simples

byThe above

o 50
↑ D

Tate's isogeny inG topologically by (A) explicity

get by o ?
I can we

tell SS/ordinary
appear-Question: 0 What trace can Honda-Tate style questionfrom

trace ??



simple
Overview . Allian Ver /R = Eg C=pa

·Weil number isen algobant integer & St . (rk)) =Jg frlGale)
.

wi

· NatEnd" (A) My admits minimal poly JA .

plivision .

then By meil conjectures .

roofs of Da are a welkumbers.

-Yet a map . Simple AV/3/3qweil mosKong
Ehu (HT) · - is bjection.

& Simple AV/3/c, 5qweil mos)Kong
& &

& Elliptic inesp)/ Emails longIl

⑫[log U gro 3 long*- +x+ 9=0

#ta.
Caveat : LetEc is injective , but not subjective

in genera, ↑It1EzTf

that is ,
there may be-exeg=o that is not

Cher Poly of (H) but is poly of (DA)
mini- ↑

-

Higher din

Question : describe infHTed
S

abolic
var

.

2 suffices to find all possible t Enig , 259]
that comes from tr(TE) of EC .



The (HTEC)· Al + EELT ,WT) that come from trace of EC re

& (t , p) = 1 .4) E is ordinary) 9 = pa .

* It 2k : t = tig .

-> (Ess
.

End'El = Graterion)
& 2/a and PE1(mods). : t =

9 LESS , EndiCE)
& 24 and p=2 or 3 : t =ep - =

RITE)(
& 24a ,

or elepel(mode) : t = 0 .

Thm : SS . EL/k Ord EC/k

Ten ETP loc - loc type. D
o DTETP). & Firi) #& adic reductionI f = P

.

③ Charpoly(e)- #
-

④ DE DetXor DEER
.

↑ splits in Q(PE) &

& eTre Vg(t) = E &Die Imaginenadratic
⑤ End'Eid Quaternion & (DE) .

I

of DE & easy · YE : p-adic realization.

&E for s , say EEX :then Chorpoly /Tel = (x-tz) Ex=25X + 8 .
↑

for Erd :
· QITE) im quad , I splits Since gpeven

& [hE] ec ETp= => 21+e)- End(8 = Up .
-em I dim.

so p must be split.
·

per.e t.
& Tate isogeny thr diagonal metrix

Say if He ·

then End'E)1= Ended(VeE) = M2(Q1)
·

So I is quaternion.



Cor : A Messeracy condition for a g-Weil nupe to be elliptic is its charact

has Newton polygon or D

Example : let p=, Consider X-2x+8 =0. it yields

8 Weil number , but it can not be elliptic.. Sove
Newton polygon :

-
⑨

go i !

Vo(z)= 5 .


