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Abstract. For unitary groups associated to a ramified quadratic extension of a -adic field, we define

various regular formal moduli spaces of -divisible groups with parahoric levels, characterize exceptional

special divisors on them, and construct correspondences between them. We formulate arithmetic transfer

conjectures, which are variants of the arithmetic fundamental lemma conjecture in this context. We prove

the conjectures in the lowest dimensional cases.
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1. Introduction

The arithmetic Gan–Gross–Prasad (GGP) conjecture [7] is one of the generalizations of the Gross–

Zagier formula [10] from modular curves to higher dimensional Shimura varieties. The third author

proposed a relative trace formula approach to the arithmetic GGP conjecture [47]. In this context, he

formulated the arithmetic fundamental lemma (AFL) conjecture, which is now a theorem, cf. [49, 27, 50].

The AFL conjecture relates the special value of the derivative of an orbital integral to an arithmetic

intersection number on a Rapoport–Zink formal moduli space of -divisible groups (RZ space) attached

to a unitary group. It is essential for the AFL conjecture that one is dealing with a situation that is

unramified in every possible sense (the quadratic extension / defining the unitary group is unramified,

and the special vector has unit length, and the function appearing in the derivative of the orbital integral

is the characteristic function of a hyperspecial maximal compact subgroup).
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When these unramifiedness hypotheses are dropped, the statement of the AFL has to be modified. In

the context of the fundamental lemma (FL) conjecture of Jacquet–Rallis, this question leads naturally

to their smooth transfer (ST) conjecture, proved by the third author in the non-archimedean case [48].

In the arithmetic context, this question naturally leads to the problem of formulating arithmetic transfer

(AT) conjectures. There are two ways of relaxing the unramifiedness conditions. One is when the

quadratic extension / is unramified but where the level structure imposed is no longer hyperspecial

(and, relatedly, the special vector is no longer of unit length). This case is dealt with in [32], [21] and

[50]. The other kind of AT conjectures arises when / is no longer unramified. This was considered

in special cases in [31] and [32]. In the present paper, we explore systematically the ramified case. In

both the unramified and the ramified cases, a limiting factor is the requirement that the ambient space

(a product of RZ spaces) is a regular formal scheme.

The AFL conjecture concerns the closed embedding of RZ spaces

[ ]
↪→ [ ]

+ , (1.0.1)

where
[ ] ≃ ( ), for a special vector of unit norm, from which we deduce the special cycle

( ) ⊂ [ ] × [ ]
+ . In the generic fiber (a rigid-analytic space), the left term in (1.0.1) is the member

[ ] of the RZ tower of
[ ]

corresponding to the (hyperspecial) parahoric
[ ]

of ( ♭ ) and the right

term is the member [ ]
+

of the RZ tower of
[ ]
+ corresponding to the (hyperspecial) parahoric

[ ]
+

of ( ). In [21] and the present paper, the inclusion (1.0.1), which is an integral model of the inclusion

[ ] ⊂ [ ]
+

, is replaced by an integral correspondence. This correspondence is to be as simple as

possible, i.e., of atomic type in the sense of [20, §4.2], modelled on the definition , ′ = ⊗ ′ of an

atomic function in loc. cit., in which either ′ = or = . This means that the correspondence is of

either of the following two types:

[ , ] × [ ]
+

''ww

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+

(1.0.2)

or

[ ] × [ , ]
+

&&xx

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

(1.0.3)

In (1.0.2), the map in the second factor is the identity; in (1.0.3), the map in the first factor is the identity.

Here we have added on the left of these diagrams the closed embeddings given by the graphs of closed

embeddings
[ ]

↪→ [ ]
+ which exhibit

[ ]
as a special cycle in

[ ]
+ . We call the first type a small

correspondence and the second type a big or a large correspondence (in the first type, the non-trivial

correspondence is on the RZ space of dimension ; in the second type, the non-trivial correspondence is

on the RZ space of dimension + ).

When / is ramified (the case considered in this paper), the regularity condition on the ambient

product of RZ spaces
[ ] × [ ]

+ imposes that either = − ( ) or = + ( ), where ( ) = if

is even and ( ) = if is odd. In this case, one of the factors in the product is formally smooth.
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However, the other factor will in general not be regular. When the second factor is not regular, we

replace it by an explicit blow-up which is regular, in fact semi-stable (the splitting model, see below).

1.1. AT conjectures. Before we give more details on the construction of the correspondences, let us

state the general form of our AT conjectures. Let / be a ramified quadratic extension of -adic local

fields ( ̸= ). The relevant RZ spaces
[ ]
, (see §5) depend on two integers and , and on ∈ {± }.

Here denotes the dimension, and (the type) is an even integer between and and defines the level

structure, and fixes the isomorphism class of the framing object. Here, when is odd, the isomorphism

class of
[ ]
, is independent of .

In our AT conjectures, the spaces are (variants of) RZ spaces and the cycles are closed formal subspaces

in a product of these attached to the integers and + . The precise definitions of the spaces and

the cycles are given in the main body of the paper, see §6. We denote by ′( ) the set of regular

semi-simple elements on the -side and by ( ) the set of regular semi-simple elements on the -side,

comp. [31, §2]. Here denotes a hermitian space of dimension + . Also, we have incorporated the

transfer factor in the definition of weighted orbital integrals on the -side.

Conjecture 1.1.1. Let , , be numerical invariants as above ( ≥ , ≤ ≤ + is an even

integer, and ∈ {± }), and let ( , + ; ,
[ ]
, ) be a triple consisting of an ambient space , + ; (a

product of RZ spaces of dimension and + ), a special cycle
[ ]

on , + ; , and a test function

on the -side, as in the table in §1.2.

(i) There exists ′ ∈ ( ′) with transfer ( , ) ∈ ( )× ( ) such that, if ∈ ′( ) is matched

with ∈ ( ) , then 〈
[ ]
,

[ ]
〉

, + ;

· = − ∂
(

, ′).
(ii) For any ′ ∈ ( ′) with transfer ( , ) ∈ ( )× ( ), there exists ′ ∈ ( ′) such that, if

∈ ′( ) is matched with ∈ ( ) , then〈
[ ]
,

[ ]
〉

, + ;

· = − ∂
(

, ′)− (
, ′ ).

Here is the hermitian space of dimension + with Hasse invariant and is the opposite space.

By [31, Prop. 5.14], part (i) follows from part (ii); by the density conjecture [31, Conj. 5.16], part

(ii) follows from part (i). Something analogous holds for all further conjectures later in this paper; in

the interest of brevity, we will omit the variants (ii) of these conjectures in the statements below. The

conjecture above is the homogeneous version. There is also an inhomogeneous version, which we omit

here and below.

1.2. Summary of cases. The following table summarizes all the cases of AT conjectures in this paper.

Here is always even and lies in [ , + ] or [ , ], depending on whether appears as the second entry

or the first. Moreover, in each row the parity of is determined by the rule that all types are even. In

each case, an aligned triple ( , , ) that underlies the construction of the correspondence is fixed, cf.

Definition 6.2.1. For simplicity, we drop the invariant from the notation of RZ spaces.

Type
Ambient space

, + ;

The cycle
[ ]

Test function AT

Conjecture

( , )
[ ] × [ ]

+
[ ]

(
[ ]
)− [ ]× [ ]

+

[31, Conj. 5.3]



4 Y. LUO, M. RAPOPORT, AND W. ZHANG

( − , + )
[ − ] × [ + ]

+
[ − ]

(
[ − ],◦

)− [ − ]× [ + ]
+

[32, Conj. 12.4]

( , ), ≤ ≤ [ ] × [ ],
+

̂[ ],
(

[ , ]
)− [ ]× [ ]

+

Conj. 8.5.1

( − , ), ≤ ≤ − [ − ] × [ ],
+

̂[ ],
(

[ − , ]
)− [ − ]× [ ]

+

Conj. 9.4.1

( − , ), ≤ ≤ +
[ − ] × [ ],

+
˜[ ],±,

(
[ − ],◦

)− [ − ] ⊗ [ + , ]
+ Conj. 9.10.1

( , ), ≤ ≤ [ ], × [ ]
+

̂[ ],
(

[ , ]
)− [ ]× [ ]

+

Conj. 10.4.1

( , ), ≤ ≤ [ ], × [ ]
+

˜[ ],
(

[ ]
)− [ ] ⊗ [ , ]

+ Conj. 10.6.1

( , + ), ≤ ≤ − [ ], × [ + ]
+

̂[ ],
(

[ − , ],◦
)− [ ]× [ + ]

+

Conj. 11.5.1

We have a few comments.

• The cycles in the first two rows are graphs of closed embeddings. The cycles in the third, fourth,

sixth and eighth row are small correspondences. The cycles in the fifth and the seventh row are large

correspondences.

• If achieves the upper bound, there are the variants without the superscript . In some of these

extreme cases, splitting models coincide with the usual ones, and the corresponding conjecture is then

identical to that in [31, 32]. More precisely, in the sixth row the case for = and in the seventh row

the case for = are both identical with the first row, see Remark 10.4.2 and Remark 10.6.2. On the

other hand, the case = in the third row has a different ambient space from the case in the first

row (
[ ],
+ versus

[ ]
+ ), even though the cycles are identical. Nevertheless, we show that the two AT

conjectures are equivalent, see Proposition 8.6.1. Similarly, the case = − in the last row differs

from the second row (
[ − ],

versus
[ − ]

); we conjecture that the difference of intersection numbers

is an orbital integral function, cf. Conjecture 11.6.1.

• Regarding the fifth row, we refer to Conjecture 9.10.1, (ii) and (iii) for refinements taking into account

the disjoint sum decomposition of ˜[ ],±,
.

1.3. Low dimensional cases. We can prove our conjectures in the first non-trivial case.

Theorem 1.3.1. Conjecture 1.1.1 holds when = .

Proof. Indeed, the cases when = are all covered by the literature, except case (iii) below, which is

dealt with in §13.

(i) type ( − , ) = ( , ):
[ ] → [ ] × [ ],

, cf. Conjecture 9.4.1. This case follows from [32, Thm.

13.4] when = (i.e.,
[ ]

is the base change of the Drinfeld space), resp. from [32, Thm. 13.2] when

= − (i.e.,
[ ]

is the base change of the Lubin–Tate space at the Iwahori level).

(ii) type ( − , ) = ( , ): ˜[ ],◦ → [ ]× [ ]
, cf. Conjecture 9.10.1. This case follows from [32, Thm.

1.6].

(iii) type ( − , ) = ( , ): ˜[ ], → [ ] × [ ],
, cf. Conjecture 9.10.1. □

We list the cases when = , one of which is known.

(i) type ( , ) = ( , ): ˜[ ] → [ ] × [ ],
, cf. Conjecture 8.2.1. This is proved by Proposition 8.6.1

and [31].
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(ii) type ( , ) = ( , ): ˜[ ] → [ ] × [ ],
, cf. Conjecture 8.5.1.

(iii) type ( , ) = ( , ) when ♭ is split:
[ , ], → [ ], × [ ]

, cf. Conjecture 10.4.1.

(iv) type ( , ) = ( , ) when ♭ is split: ˜[ ], → [ ], × [ ]
, cf. Conjecture 10.6.1, the case ♭ = .

(v) type ( , ) = ( , ) when ♭ is non-split: ˜[ ], → [ ], × [ ]
, cf. Conjecture 10.6.1, the case

♭ = − .

These cases stand as the next test cases of our conjectures. We hope to return to them in the future.

1.4. More background on the enumeration of cases. For ≥ , the RZ space
[ ]
, is formally

smooth (exotic smoothness) in two instances: when is even and = (in which case = + is

the only possibility), and when is odd and = − . In [31] and [32], the last two authors and B.

Smithing consider on the geometric side the natural closed embedding of formally smooth RZ spaces
[ ]
, ↪→ [ ]

+ . They also construct in a non-trivial way an embedding
[ − ]
, ↪→ [ + ]

+ . They then

propose AT conjectures in these two cases and verify them for = and = . The construction of

these embeddings is based on the moduli-theoretic definition of these particular RZ spaces.

Beyond these cases, there are no natural embeddings; instead, we replace the embeddings by corre-

spondences linking the two spaces and obtain in this way cycles on the product space. This is made

possible by the recent moduli-theoretic definition of all relevant RZ spaces due to the first author [22].

Our spaces and cycles are built on the answer to the following question:

Question 1.4.1.

1) Correspondences: We would like the ambient space to be a product of RZ spaces of maximal parahoric

levels which is regular. How can this be achieved?

2) Cycles: When is the -divisor ( )[ ] or the -divisor ( )[ ] on
[ ]
+ isomorphic to a lower-

dimensional RZ space of maximal parahoric level?

1.5. Cycles. Let us first consider part 2) of Question 1.4.1. We have the following exceptional isomor-

phisms (see §6.1 for notation and precise statements):

Theorem 1.5.1. Let ∈ (
[ ]
, ) be a unit length vector. Set ♭ = ( ) ((− ) − ).

(i) Consider the special -cycle ( )
[ ]
, ⊂

[ ]
, . Then:

• When is even and = , ( )
[ ]
, is empty (note that = in this case).

• In the remaining cases, we have an isomorphism

( )
[ ]
, ≃

[ ]

− , ♭ ,

except when:

• is odd, = − , and ♭ = − , in which case the RHS is not defined and the special cycle ( )
[ ]
, is

the disjoint union of points ( ) in (
[ ]
− , ) (the worst points, indexed by all almost -modular lattices

⊂ (
[ ]
, ) containing ).
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(ii) (H. Yao [45, Thm. 5.5]) Let be even and = . Define
[ − ],◦
− , ♭ by the following fiber product

diagram,

[ − ],◦
− , ♭

□
��

� � // [ − , ]

��

[ − ]

− , ♭

� � // [ − ]
.

Then the morphism
[ − , ] → [ − ]

is a trivial double covering, cf. [32, Prop. 6.4]. Furthermore, the

composition
[ − ],◦
− , ♭ →

[ − , ] → [ ]
factors through ( )

[ ]
and induces an isomorphism

[ − ],◦
− , ♭ ≃ ( )

[ ]
.

In particular, there is a natural morphism

( )
[ ] −→ [ − ]

− , ♭ ,

which is a trivial double covering. Furthermore, ( )
[ ]

= ( )
[ ]
.

It is conceivable that exceptional special divisors on
[ ]
, , i.e., the divisors ( )

[ ]
, appearing in The-

orem 1.5.1, are characterized by the property that they are non-empty regular formal schemes, see Con-

jecture 6.1.6. Similarly, the divisors ( )
[ ]
, in Theorem 1.5.1 should be characterized by the property

that ( )
[ ]
, is a non-empty regular formal scheme, see Remark 6.1.7.

At the heart of the proof of this theorem is a thorough analysis of the strengthened spin condition

which gives a moduli-theoretic definition of the RZ spaces
[ ]
, , as established in [22]. We prove the

following theorem (cf. Theorem 6.1.2). Again, we refer to the body of the paper for the definitions and

the notation.

Theorem 1.5.2. Let ( , , ) be a hermitian -module of dimension − and type over ∈
( / ˘). Let ∈ × be a unit and define

( , , ) := ( × , × , × ).

Then the following assertions hold:

(i) ( , , ) is a hermitian -module of dimension and type .

(ii) If ( , , ) satisfies the strengthened spin condition, then so does ( , , ).

(iii) Suppose ̸= − . Then, if ( , , ) satisfies the strengthened spin condition, then so does

( , , ).

1.6. Correspondences. Now let us address part 1) of Question 1.4.1. As mentioned above, among

all RZ spaces of maximal parahoric level, for ≥ , there are two instances when the RZ space
[ ]
,

is formally smooth (exotic smoothness): when is even and = (in which case = is the only

possibility), and when is odd and = − . Outside these cases,
[ ]
, is not even regular. However,

there is a certain blow-up
[ ],
, of

[ ]
, which is always regular (the splitting model). Hence the product

formal schemes
[ ]× [ ],

+ , and
[ − ]

, ♭ ×
[ ],
+ , as well as

[ ],

, ♭ ×
[ ]
+ , and

[ ],

, ♭ ×
[ + ]
+ are regular

and therefore can serve as ambient spaces for arithmetic intersections. These four possibilities lead to

the AT conjectures of type ( , ) (§8), type ( − , ) (§9), type ( , ) (§10), and type ( , + ) (§11).
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The He-Luo-Shi theory of splitting models [15] is key here. Recall that they are defined in two steps.

First, one introduces the naive splitting model
[ ],
, over ˘ parametrizing the collection of data

( , , , ( ), ( ∨); ),

where ( , , , ( ), ( ∨)) is a hermitian -module of signature ( , − ) and type with splitting

structure, and where is a framing with the fixed framing object. In a second step, the splitting model
[ ],
, over ˘ is defined as the flat closure of

[ ],
, .

In the -modular case, the naive splitting model
[ ],

and the splitting model
[ ],

are both isomor-

phic to the RZ space
[ ]
. In the remaining cases for > , the splitting model is different from the

RZ space. For instance, the splitting model
[ ],

coincides with the Krämer model [17]. The splitting

structure is uniquely determined outside the worst points. In fact, the splitting model
[ ],
, is the blow-

up of the RZ space
[ ]
, in the worst points, cf. [15, Thm. 1.3.1]. Any splitting model

[ ],
, is flat and

semi-stable, and it is smooth if and only if = , in which case, as mentioned above,
[ ], ≃ [ ]

.

Remark 1.6.1. More generally, one could consider an intersection on
[ ], × [ ],

+ for any pair ( , )

of even integers. However, the last product is not regular in general. One could replace the ambient

space by its blow-up, similarly to [50], and obtain in this way further AT conjectures. However, we will

not discuss these cases here.

1.7. The large correspondence. We can relate the large correspondences to the guiding principle of

[21, §1, (1.0.5)], i.e., to the construction of “pull-back” diagrams of exceptional special divisors along the

natural projection maps
[ , ]
+ → [ ]

+ from RZ spaces of (non-maximal) parahoric levels (our notation

here is modelled on that of [21]):

˜ � � //

��

□

[ , ]
+

��

// [ ]
+

[ ] = ( )[ ] or ( )[ ] � � // [ ]
+ .

(1.7.1)

We would like to consider the cartesian product ˜ as our cycle and the product [ ] × [ ]
+ as the

ambient space. The regularity of the latter product requires that at least one of the factors is smooth

over ˘. We distinguish two cases.

I. The case when [ ] is smooth. Then there are three cases.

(i) [ ] = ( )[ ] ≃ [ ]
with ( ) = (and is even),

(ii) [ ] = ( )[ − ] ≃ [ − ]
with ( ) = (and is odd),

(iii) [ ] = ( )[ + ] ≃ [ − ]∐ [ − ]
with ( ) = (and is odd).

They give rise to the cases in §8 (Conj. 8.5.1) and §9 (Conj. 9.10.1 (i)). In §9 (cf. §9.9 and Conj. 9.10.1,

(ii), (iii)) we also have refinements of the case (iii) taking into account the individual summands in the

disjoint union appearing in (iii).

II. The case when
[ ]
+ is smooth. Then there are two cases.

(i)
[ ]
+ ≃ [ ]

+ , (when is even),

(ii)
[ ]
+ ≃ [ + ]

+ , (when is odd).
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They give rise to the cases in §10 (Conj. 10.6.1) and §11 (Conj. 11.5.1).

We conjecture that the formal scheme ˜ in (1.7.1) is flat over ˘ in all cases. In the cases we can

prove this conjecture, this is done by relating ˜ to RZ spaces, cf. Theorems 8.1.2 and 9.1.2 in the cases

I., (i) and (ii), and Theorem 11.1.2 in the case II., (ii) (the latter proof being based on the work of H. Yao

[45]).

The correspondence obtained from (1.7.1) is related to the large correspondence

[ ] × [ , ]
+

&&xx

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

(1.7.2)

Indeed, taking fiber products, (1.7.2) leads to the following diagram:

˜
□

}}

� � //

((

[ , ]
+

""||

[ ] � � // [ ]
+

[ ]
+ .

The cartesian square diagram appearing here coincides with the cartesian square in (1.7.1). This in turn

leads to the linking diagram:

˜
!!��

[ ] [ ]
+ .

(1.7.3)

1.8. The small correspondence. Let us consider the small correspondence

[ , ] × [ ]
+

''ww

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

The small correspondence leads us (by taking fiber products) to the linking diagram:

[ , ]

$$}}
[ ] [ ] ≃ [ ] � � // [ ]

+ .

(1.8.1)

A small correspondence is always a closed formal subscheme of the corresponding big correspondence.

Sometimes they coincide (for suitable indices , ), see Theorems 8.1.2 and 9.1.2 and 11.1.2. But often

these two correspondences are different and lead to genuinely different ATC statements. For example,

we arrive in this way at Conjecture 10.4.1.
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1.9. The generic fiber. Note that in the generic fiber, the small correspondence (1.8.1) induces a

correspondence in the RZ tower of the form

˜[ , ]

##||

[ ] [ ]
+

,

(1.9.1)

in which ˜[ , ]
=

[ , ]
is a quasi-parahoric in ( ♭ )( ), containing the corresponding parahoric sub-

group with index one or two. In other words, the small correspondence is a natural integral model of

the correspondence (1.9.1) in the RZ tower of
[ ]
.

This is no longer true for the generic fiber of the linking diagram (1.7.3) in the large correspondence,

unless the large and the small correspondences coincide. In this case, the generic fiber of ˜ is not always

a member of an RZ tower, comp. Remarks 9.7.1 and 10.2.3. We note that in the situation of [21], a

similar phenomenon occurs. Indeed, let us compare the correspondences in the present paper with those

in [21].

When / is unramified (as in [21]), in order that the ambient space
[ ]× [ ]

+ be regular, only the

cases = and = are relevant. If = and is even, then the generic fiber of ˜ is the member

˜[ , ] of the RZ tower corresponding to the open compact subgroup ˜[ , ] ⊂ ( ♭ )( ) equal to the

parahoric
[ , ]

. If = and is odd, the generic fiber of ˜ is again a member of the RZ tower but˜[ , ]
is a non-parahoric. In either case ˜ is given by the formal scheme ˜[ ]

of [21, §3.5]. If = and

is odd, then the generic fiber of ˜ is the member ˜[ , ] of the RZ tower for ˜[ , ]
=

[ − , ]
. In this

case ˜ is given by ˜[ ]
, cf. [21, §3.10]. If = and is even ̸= , then the generic fiber of ˜ = ˜[ ]

is

not a member of the RZ tower of
[ ]
, cf. [21, §3.10] (but the generic fiber of its closed formal subscheme˜[ ],+

is).

1.10. Test functions and the lattice models. To determine the correct test functions , we consider

the lattice models of the RZ spaces in play, motivated by the global aspects of the conjectures. To explain

this, we temporarily let / be a CM extension of a totally real field; we refer to [33] for unexplained

notation. Consider the integral model of the Shimura variety associated to a variant of the unitary

group (now over a global field) with level ⊂ ( ), and the arithmetic diagonal cycle . For

a bi- -invariant ∈ ( ( )), the global arithmetic Gan–Gross–Prasad conjecture [47, 33] concerns

the arithmetic intersection pairing of Gillet–Soulé on the arithmetic Chow groups of ,

( ) =
(̂( )̂ , ̂ ) .

It decomposes into a sum of local terms ( ) given by intersection numbers at all places of the reflex

field above the given place of . Via a non-archimedean uniformization, the local intersection numbers

are in turn related to intersection numbers on the relevant RZ spaces studied in this paper. We may

transport our local construction of our cycles on RZ spaces to the global integral model and we can find

the test function by considering the generic fiber of . Since the Hecke action on the generic fiber is

defined through the change of level structures involving Tate modules, it can be detected by considering

a lattice model within a fixed rational Tate module.

For example, the lattice model of
[ ]
, is

[ ]
, , defined as the set of vertex lattices of type in a

hermitian space ♭ of dimension and Hasse invariant . We then translate the construction of the
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naive correspondences to the setting of lattice models. We construct a function (the test function)

with the characterizing property that the naive (set theoretical) intersection number on the lattice model

is equal to a suitable orbital integral of this function, comp. §8.3, 9.2, 9.7, 10.2, 11.2. This function is

then used to formulate the AT conjecture.
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1.12. Notation.

1.12.1. General notation. We let / be a quadratic extension of finite extensions of ( ̸= ), with

corresponding ring extension / . We denote the residue field of by and write = ¯ for a fixed

algebraic closure. We write = / for the corresponding quadratic character of ×, and : × → ×

for the norm character.

For an algebraic variety over , we write ( ) for ( ( )).

1.12.2. Flat closure and flat fiber product. Let be a formal scheme locally of finite type over a complete

discrete valuation ring with uniformizer . We define the flat closure ⊂ to be the closed formal

subscheme defined by the ideal sheaf [ ] ⊂ ( -power torsion elements of the structure sheaf).

Then satisfies the following universal property: for any formal scheme locally of finite type and flat

over , a morphism → factors through ,

//

  

.

>>

Let ( / ) be the category of formal schemes locally of finite type over and let ( / ) be the

full subcategory of -flat formal schemes, and let : ( / ) ↪→ ( / ) be the inclusion. Then the

universal property can be reinterpreted by the adjunction property

( ( )), ) ≃ ( , ).

Therefore, the flat closure preserves limits. Let , , be flat -schemes, with morphisms → and

→ . We define the flat fiber product by the following cartesian product in ( / ),

( × ) //

�� ��
// .

(1.12.1)

2. The setting

Let be an odd prime number. Let / be a quadratic extension of -adic local fields. We denote

by the number of elements in the residue field of .

We fix uniformizers , of and respectively, such that = (resp. = ) when /

is ramified (resp. unramified). Denote by 7→ ¯ the action of the nontrivial element in ( / ). We

fix an extension of = / : × → {± } to a character ˜ : × → ×, as follows. When / is

ramified, we require ˜| × to factor through the unique non-trivial quadratic character of ×. There
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are two choices of such extensions depending on the choice of the value ˜( ) (a number such that˜( ) = ˜(− ) = (− )). When / is unramified, we simply take ˜( ) = (− ) ( ).

Let ≥ . Let
′( ) = ( )× + ( ). (2.0.1)

For a / -hermitian space of dimension + , fix ∈ a non-isotropic vector (the special vector),

and let ♭ = ⟨ ⟩⊥. Set
= ♭ × (2.0.2)

and = ♭ with the diagonal embedding of ♭ into . We have the notion of regular semi-simple

element ∈ ′( ), resp. ∈ ( ), as well as the notion of matching ↔ for regular semi-

simple elements, comp. [31, §2]. These notions are with respect to the action of × on , resp., of
′
, = ′ × ′ = / ( )× ( × + ) on / ( × + ). It is important to note that the latter

action is arranged after the choice of ∈ .

We let , denote the two isomorphism classes of / -hermitian spaces of dimension + . For

∈ ( ) and for a function ∈ ( ), we introduce the orbit integral

( , ) :=

∫
( )× ( )

( − ) .

Here on ( )× ( ) we take a product measure of identical Haar measure on ( ).

For ∈ ′( ) , for a function ′ ∈ ( ′), and for a complex parameter ∈ , we use the notation

( , ′, ) for the weighted orbital integral

( , ′, ) := ( ) ·
∫

′
, ( )

′( − )| | ( ) ,

where:

• | | denotes the normalized absolute value on .

• We use fixed Haar measures on ′ ( ) and ′ ( ) and the product Haar measure on ′
, ( ) =

′ ( )× ′ ( ) and set

( ) := ( ′ ) ( ′′) − for = ( ′ , ′′) ∈ ′ ( ) = − ( )× ( ),

• : ′( ) → × is a transfer factor, see [31, §5]. We will take the following explicit transfer factor:

( ) := ˜( (˜)−( − )/ (˜ ) = ,··· , −

)
,

where for = ( , ) ∈ ′( ) , we set ˜ = ( ) = ( − )( − )
−
∈ ( ), and where =

( , · · · , , ) ∈ is the column vector.

We further define the special values for a regular semi-simple element ∈ ′( ),

( , ′) := ( , ′, ) and ∂ ( , ′) :=
∣∣∣

=
( , ′, ).

The integral defining ( , ′, ) is absolutely convergent, and ( , ′) has the transformation property

( − , ′) = ( , ′) for ( , ) ∈ ′
, ( ) = ′ ( )× ′ ( ).

Definition 2.0.1. A function ′ ∈ ( ′) and a pair of functions ( , ) ∈ ( ) × ( ) are

transfers of each other (for the fixed choices of Haar measures, our fixed choice of transfer factor, and a

fixed choice of special vectors in ), if for each ∈ { , } and each ∈ ( ) ,

( , ) = ( , ′)
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whenever ∈ ′( ) matches .

Note that this notion depends on the choices of the transfer factor and the Haar measures. But the

truth of the AFL and AT conjecture is independent of these choices.

3. The AFL conjecture

In this section, we recall the statement of the AFL conjecture, now a theorem. We assume that /

is unramified. In this section, we denote by the split hermitian space of dimension + and by

the non-split space. We also assume that the special vector ∈ has norm a unit in . Under

these unramifiedness hypotheses, we have the AFL conjecture. Before stating it, we recall the following

theorem on the Jacquet–Rallis FL.

Theorem 3.0.1. ([46, 4, 49]) Fix a special vector ∈ of the same length as , so that the notion

of transfer between functions ′ ∈ ( ′) and pairs of functions ( , ) ∈ ( )× ( ) is defined.

Then the function ( )× + ( ) is a transfer of ( ♭× , ). Here ♭ , resp. , is the stabilizer of a

selfdual lattice in ♭ , resp. .

In the statement above, the Haar measures on ′
, ( ) and ( ) are normalized in such a way that

the canonical maximal compact subgroup gets volume one. In particular, if ∈ ′( ) is matched with

the element ∈ ( ) , we have

( , ( )× + ( )

)
= .

This vanishing of the orbital integral motivates considering its derivative. The AFL conjecture is the

following statement.

Theorem 3.0.2. Let ∈ ′( ) be matched to the element ∈ ( ) . Then

− ⟨ , ⟩ = ∂
(

, − ( )× ( )

)
.

To define the LHS, we need to introduce certain RZ-spaces. Let be the RZ-space over ˘

parametrizing tuples ( , , , ), where is a strict formal -module, where : → ( ) is an

action of which satisfies the Kottwitz condition of signature ( , − ), where is a compatible

principal polarization, and where is a framing with framing object ( , , ). To be precise, set

= , the unique such triple for = , and define inductively

= − × , (3.0.1)

where is the same as but with the conjugate action of . We take as the framing object for .

For ease of notation, we set = and = + = × ¯. Let ⊂ × + denote the graph of the

closed embedding

: −→ + , 7−→ × ¯. (3.0.2)

In this case, both and ♭ are non-split, and ( ) = ◦( ) acts on + and ♭ ( ) = ◦( )

acts on . Hence ∈ ( ) acts on × + , and denotes the translate under of . Finally,

⟨ , ⟩ :=
(
⊗

)
· . (3.0.3)

Since × + is a regular formal scheme, the complex appearing in (3.0.3) is perfect. For ∈ ( ) ,

the quantity on the right is finite, cf. [26, proof of Lem. 6.1]
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The conjecture is known (by global methods) (W. Zhang [49], A. Mihatsch and W. Zhang [27], Z.

Zhang [50]). It is also known (by local methods) when = , (W. Zhang [47], Mihatsch [24]) and

when is minuscule (Rapoport-Terstiege-Zhang/He-Li-Zhu [35, 12]).

4. Hermitian -modules for the ramified quadratic case

From now on we assume that / is a ramified quadratic extension. In this case, we know fewer

RZ-spaces that are formally smooth, or with semi-stable reduction. More precisely, of the first kind

we only have the case of exotic smoothness. This occurs for the -modular even case and the almost

-modular odd case and in no other case. There are no other RZ spaces with semi-stable reduction

([13]). But there are RZ-spaces which have “Krämer-style” blowings-up which are semi-stable: these are

attached to a vertex lattice.

4.1. Parahoric subgroups for ramified unitary groups. Let / be a ramified quadratic extension

of -adic fields ( > ) with uniformizers and , resp., such that = .

Let ( , ) be a / -Hermitian space of dimension . We have associated -bilinear forms,

( , ) = / ( ( , )), ⟨ , ⟩ = / ( − · ( , )).

The form (·, ·) is symmetric, while ⟨·, ·⟩ is alternating.
For any -lattice in , we set

∨ = { ∈ | ( , ) ⊂ } = { ∈ | ⟨ , ⟩ ⊂ }.

The lattice is called a vertex lattice if
∨ ⊆ ⊆ ∨.

We call the dimension ∨/ the type of the vertex lattice and denote it by ( ). Note that this

integer is always even and satisfies ≤ ≤ = . Let = ⌊ / ⌋. We will fix a maximal chain of

vertex lattices, and enumerate the lattices by their type,

⊂ − ⊂ . . . ⊂ = ∨, ( ) = .

Note that when is even and ( , ) is non-split, the -modular lattice is missing. However, we will

still index the lattices as { , . . . , , } to simplify notation. We extend the maximal chain of vertex

lattices into a polarized chain of lattices, see [36, Ch. 3].

For each non-empty subset = { , . . . , } ⊆ { , . . . , , }, ordering the elements as > >

. . . > , we have a sub-chain

: ⊂ . . . ⊂ ⊆ ∨ ⊂ ∨ ⊂ . . . ⊂ ∨ . (4.1.1)

This extends periodically to a polarized chain of lattices. If = { }, resp. = { , }, we will use the

notation [ ], resp. [ , ] for this sub-chain, or for its periodic extension.

Consider the subgroup

= { ∈ ( )( ) | = , ∀ ∈ }.

If = { }, we also write =
[ ]
. It is a quasi-parahoric subgroup of ( ). There is a functorial

surjective homomorphism called the Kottwitz map,

: ( )→ ( ( )) = / .

We define the subgroup ,◦ = ∩ . We have the following:
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Proposition 4.1.1 ([30]). (i) The groups ,◦ are parahoric subgroups of ( , ).

(ii) When = + is odd, the subgroups ̸= ,◦ are never parahoric, and the Kottwitz homomor-

phism induces an isomorphism / ,◦ ≃ {± }.

(iii) When = is even, we have = ,◦ if and only if ∈ . Otherwise, we have / ,◦ ≃
{± }. □

(iv) When = is even and − ∈ , we have ,◦ =
∪{ },◦

.

4.2. The strengthened spin condition. The strengthened spin condition, introduced by Smithling

[39], builds upon the spin condition proposed by Pappas and Rapoport [29], which is used to construct

a moduli functor for ramified unitary local models and RZ spaces. In this section, we provide a brief

overview of the definition of the strengthened spin condition, comp. [22].

We keep the notation as in the previous subsection. Define the -dimensional -vector space

:= ⊗ ,

where acts on the right tensor factor. The -th wedge power :=
∧

admits a canonical decom-

position

=
⊕
+ =
∈{± }

, (4.2.1)

which is described in [39, §2.5]. Let us briefly review it, with the same notation convention as in [31].

The operator ⊗ acts -linearly on with eigenvalue ± ; let

= ⊕ −

be the corresponding eigenspace decomposition. For a partition + = , define

, :=
∧

⊗
∧

− ,

which is naturally a subspace of . Furthermore, the symmetric form (·, ·) splits after base change from
to , and therefore there is a decomposition

= ⊕ −

as a ((·, ·))( )-representation. The subspaces ± have the property that for any Lagrangian subspace

⊂ , the line
∧

⊂ is contained in one of them, and in this way they distinguish the two connected

components of the orthogonal Grassmannian ( , ) over . The subspaces ± are canonical up to

labeling, and we will follow the labeling conventions in [39] to which we refer the reader for details. The

summands in the decomposition (4.2.1) are then given by

, := , ∩

as intersection in for ∈ {± }.
Given an -lattice ⊂ , define

:=
∧

( ⊗ ),

which is naturally a lattice in . For fixed , , and , define

, := ∩ , (4.2.2)
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as intersection in . Then , is a direct summand of . For an -scheme , define

,
, ( ) :=

[ , ⊗ → ⊗
]
. (4.2.3)

Let ⊂ ⊗ be a -direct summand of -rank . We say that satisfies the strengthened spin

condition if the line bundle ∧
⊂ ⊗ (4.2.4)

is contained in − ,
,− ( ).

4.3. Strict -modules. In this subsection, we briefly review the theory of strict -modules. For

more details, see [26, 19, 23]. Assume ̸= throughout, recall that / is an extension of -adic

field with a fixed uniformizer ∈ . Assume the residue field of is a finite field of order . Let

be an -scheme. A strict -module over is a pair ( , ) where is a -divisible group over

and : → ( ) an action such that acts on ( ) via the structure morphism → . A

strict -module is called formal if the underlying -divisible group is a formal group. By Ahsendorf-

Cheng-Zink [1], there is an equivalence of categories between the category of strict formal -modules

over and the category of nilpotent -displays over . To any strict formal -module, there is also

an associated crystal on the category of -pd-thickenings. We define the (covariant relative) de

Rham homology ( ) := ( ). There is a short exact sequence of -modules:

→ ( )→ ( )→ ( )→ ;

where ( ) ⊂ ( ) is the Hodge filtration. The (relative) Grothendieck-Messing theory states that the

deformations of along -pd-thickenings are in bijection with liftings of the Hodge filtration.

We will restrict to the case when = ( , ) is biformal, see [26, Defn. 11.9] for the definition. For

a biformal strict -module , we can define the (relative) dual ∨ of , and hence the (relative)

polarization and the (relative) height. It follows from the definition that there is a perfect pairing

( )× ( ∨)→

such that ( ) ⊂ ( ) and ( ∨) are orthogonal complements to each other.

When = is perfect, a nilpotent -display is equivalent to a relative Dieudonne module ( ) over

( ) with the action of a -linear operator and a − -linear operator such that = = .

4.4. Hermitian -modules.

Definition 4.4.1. Let be a formal scheme over ˘.

(i) A hermitian -module of type and dimension over is a triple ( , , ) consisting of a strict

biformal -module of height and dimension over , a homomorphism

: −→ ( ),

and a relative polarization

: −→ ∨,

subject to the following constraints:

• the Rosati involution on ◦( ) attached to induces the nontrivial Galois automorphism on ; and

• ⊂ [ ( )] has height .
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(ii) A hermitian -module is of signature ( , − ) if the -action satisfies the strengthened spin

condition: if > is even and = , then the condition states that the operator ( ) + acts on

with the image ( ( ) + ) a locally direct summand of of -rank 1. In general, denote by

( ) and ( ∨) the respective de Rham homology of and ∨. Since is contained in [ ( )] and

of rank , there is a unique (necessarily -linear) isogeny ∨ such that the composite

−→ ∨ ∨
−−→

is ( ), and the induced diagram

( ) ∗−→ ( ∨)
∨
∗−−→ ( )

then extends periodically to a polarized chain of ⊗ -modules of type [ ], comp. (4.1.1). By [36,

Th. 3.16], étale-locally on there exists an isomorphism of polarized chains

[· · ·
∨
∗−−→ ( ) ∗−→ ( ∨)

∨
∗−−→ · · · ] ∼−→ [ ] ⊗ ,

which in particular gives an isomorphism of ⊗ -modules

( )
∼−→ ⊗ . (4.4.1)

The strengthened spin condition we impose is that upon identifying ( ) with a submodule of ⊗
via (4.4.1), it satisfies the strengthened spin condition (4.2.3), i.e., the line bundle

∧
( ) is contained

in − ,
− ,− ( ).

Remarks 4.4.2. Let us make a few remarks on the definition.

(i) The Rosati condition on is equivalent to requiring that is -linear, where acts on the dual
∨ via the rule

∨( ) = ( )∨.

(ii) For general , we do not impose the strengthened spin condition on ∨ because it is automatic, cf.

[22, Prop. 2.4.3].

(iii) When is even and = , the strengthened spin condition we impose here is equivalent to the

combination of the Kottwitz condition, the wedge condition, and the spin condition in [31, §6], see [31,

Rem. 6.1].

(iv) When = , the strengthened spin condition can be replaced by the following two conditions:

• (Kottwitz condition) For the action of on induced by , there is an equality of polynomials(
( ) | ( )

)
= ( − )( + ) − ∈ [ ];

• (Wedge condition)
∧ (

( ) + | ( )
)
= .

(v) In the remaining cases, the strengthened spin condition implies the Kottwitz condition and the wedge

condition, see [22, Rem. 2.4.2].

1This is just a reformulation of the spin condition in [31, §3.1]
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5. Unitary RZ spaces

5.1. Framing objects. In this section we consider hermitian -modules of signature ( , − ) over

. This subsection continues the discussion in [31, 32].

Let ( , , ) be an isoclinic hermitian -module of signature ( , ). The deformation space is

isomorphic to ˘ and there is a unique lifting (the canonical lifting) of the hermitian -module.

Define to be the same -module as but with -action given by := ◦ (−), where (−) is the
Galois conjugation with respect to / , and := , and similarly define and .

Let (
[ ]
, [ ] , [ ]) be a hermitian -module of signature ( , − ) and type over called the

framing object of dimension . In this paper, we will require it to be isoclinic throughout. We define the

space of special quasi-homomorphisms

= (
[ ]
) := ◦ ( ,

[ ]
). (5.1.1)

Then is an -dimensional -vector space. It carries a natural nondegenerate / -hermitian form :

for , ∈ , the composite

−→ −−→ ∨ ∨
−−→ ∨

−

−−→

lies in ◦ ( ) and, hence, identifies with an element ( , ) ∈ via the isomorphism

:
∼−→ ◦ ( ).

We have the following result:

Theorem 5.1.1. (i) When is odd, there are two non-isomorphic framing objects
[ ]
, , where = ± .

The Hasse invariant of (
[ ]
, ) is − .

(ii) When is even and ≤ ≤ − , there are two non-isomorphic framing objects
[ ]
, , where

= ± . The Hasse invariant of (
[ ]
, ) is − .

(iii) When is even and = , up to isomorphism there is only one framing object
[ ]
. Then (

[ ]
)

is non-split.

In the sequel, we use the notation ( ) = − ( ( )). We will prove Theorem 5.1.1 in the end of this

subsection.

Denote by = ( ) the relative covariant Dieudonné module of the framing object . It is endowed

with its Frobenius operator and Verschiebung such that ◦ = ◦ = . The polarization on

translates to an alternating form ⟨·, ·⟩ on satisfying

⟨ , ⟩ = ⟨ , ⟩ for all , ∈ ,

where denotes the Frobenius operator on ( ) = ˘ . The -action on translates to an -action

on commuting with and and satisfying

⟨ , ⟩ = ⟨ , ⟩

for all , ∈ .

Lemma 5.1.2. Let := ( ) be the induced action of on .

(i) Assume that is even and = . Then the strengthened spin condition is equivalent to

⊂ + .
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(ii) Assume ̸= . Then the strengthened spin condition is equivalent to

≤
⊆ + .

Proof. Recall that we have the identification ( ) = / . The case (i) is proved in [31, Prop. 3.10].

For case (ii), by [16, Prop. 2.4], over geometric points, the strengthened spin condition is equivalent to

the Kottwitz condition plus the wedge condition; the assertion now follows from the definitions. □

Denote by := ⊗
˘

˘ the relative rational Dieudonné module of . Then ⟨·, ·⟩ extends to a

nondegenerate alternating form on . The classification of framing objects up to quasi-isogeny reduces

to classifying such polarized isocrystals with -action (in the relative sense).

Fix an element ∈ ×
˘ such that ( ) = − . Then is an -dimensional ˘-hermitian space equipped

with the hermitian form defined2 by:

( , ) := (⟨ , ⟩+ ⟨ , ⟩).

We can use the relation

⟨ , ⟩ = ˘/˘ ( − ( , ))

to recover ⟨·, ·⟩.
Since is supersingular, all slopes of the -linear operator

:= − : →

are . Hence,

:= =

is an -subspace of such that

⊗ ˘ ∼−→ ; (5.1.2)

and in this way ⊗ identifies with . Furthermore, is -stable, and the restriction of to makes

into a non-degenerate / -hermitian space of dimension .

By choosing a generator of the relative Dieudonné module of , we have an isomorphism

( ) = ◦ ( , )
∼−→ . (5.1.3)

We refer the reader to [18, Lem. 3.9] and [37, Lem. 3.6] for its construction and proof. We fix this

isomorphism once and for all, and use it throughout the paper.

Clearly, to classify up to isomorphism as a polarized isocrystal with -action is to classify up to

similarity as hermitian space. It remains to construct those spaces. We begin by recalling the following

proposition.

Proposition 5.1.3. Let ∈ × \ ( ).

(i) When = and = , then, up to quasi-isogeny, there are two framing objects,

(
[ ]
,− , [ ]

,−
, [ ]

,−
) = ( , , ), and (

[ ]
, , [ ]

,
, [ ]

,
) = ( , , ).

(ii) When = and = , then, up to quasi-isogeny, there exist two framing objects,

(
[ ]
, , [ ]

,
, [ ]

,
), and (

[ ]
,− , [ ]

,−
, [ ]

,−
).

2The factor is necessary to descend the hermitian form to . In [31], the operator is defined in a different way,

which explains why is missing in [31, §3.3].
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(iii) For even and = , up to quasi-isogeny, there exists a unique framing object (
[ ]
, [ ] , [ ]).

In this case, the hermitian space (
[ ]
) is non-split.

Proof. (i)(iii) are proved in [31, §3], and (ii) is proved in [32, §8] □

Proof of Theorem 5.1.1. We construct the required framing objects by induction. The assertion is al-

ready established for = and by Proposition 5.1.3. Now, assume that the assertion holds for

− :

• Suppose − is even. Then we have constructed framing objects

[ ]
− ,± for all ≤ ≤ − , and

[ − ]
− , .

Define

(
[ ]
, , [ ]

,
, [ ]

,
) := (

[ ]
− , × , [ ]

− ,

× , [ ]
− ,

× ).

It is straightforward to verify they are the hermitian -modules by Lemma 5.1.2 and Proposition 5.1.3(i).

Therefore, these form the desired framing objects. To complete this step, it remains to construct
[ − ]
,− .

It is

(
[ − ]
,− , [ − ]

,−
, [ − ]

,−
) := (

[ − ]
, , [ − ]

,
, [ − ]

,
).

• Suppose − is odd. In this case, we have constructed framing objects

[ ]
− ,± , for all ≤ ≤ − .

Define

(
[ ]
, , [ ]

,
, [ ]

,
) := (

[ ]
− , × , [ ]

− ,

× , [ ]
− ,

× ).

It is straightforward to verify that they are the hermitian -modules by Lemma 5.1.2 and Proposition

5.1.3(i). Therefore, these form the desired framing objects. Finally,
[ ]
, is already constructed in

Proposition 5.1.3(iii), which completes the proof. □

5.2. RZ spaces. For a scheme over ˘, let := / . Let (
[ ]
, , [ ]

,
, [ ]

,
) be the framing

object constructed in Theorem 5.1.1, it is a supersingular hermitian -module of signature ( , − )

and type over .

We define the unitary RZ space
[ ]
, over ˘ as the formal scheme parametrizing isomorphism classes

of quadruples ( , , , ), where

• ( , , ) is a hermitian -module of signature ( , − ) and type over ;

• , called the framing with framing object (
[ ]
, , [ ]

,
, [ ]

,
), is an -linear quasi-isogeny of height

: × −→ [ ] × ,

such that ∗( [ ] × ) = × .

Here an isomorphism between quadruples ( , , , )
∼−→ ( , , , ) is an -linear isomorphism

of hermitian -modules :
∼−→ over such that we have ◦ ( × ) = and such that

∗( ) = .

The RZ spaces
[ ]
, considered here are all flat, see Theorem 5.3.1 for more properties.

Remarks 5.2.1. Let us make some remarks about the RZ spaces in small dimensions.
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(i) When = and = , we only need to impose the Kottwitz condition to achieve flatness, see [28,

p. 596–7]. Furthermore, the characteristic polynomial equals ( − )( + ) = − . Hence the RZ

space
[ ]
, can be defined over ˘ . When = , this model is isomorphic to ˘ [[ , ]]/( − ).

When = − , this model is given by the formal Drinfeld halfplane attached to . In either case, this

model has semi-stable reduction over ˘ , see [32, Rem. 7.9 and §8]. It is thus regular. In [32, §13] an
Arithmetic Transfer conjecture for this model is formulated (and proved). Note that the base change of

this model to ˘ is not regular. Therefore the conjecture in [32] is genuinely different from the one

discussed here, which pertains to our space over ˘.

(ii) When = and = (in which case = ), we only need to impose the Kottwitz condition and

the spin condition defined in [29, §7, esp. (7.10)], to achieve flatness, see also [32, Ex. 6.5]. The model
[ ]
, is smooth. Again, it can be defined over ˘ , but we only consider the model over ˘.

(iii) When = and = , we only need to impose the Kottwitz condition, see [28, 4.5, 4.15] or [29,

§6].

(iv) When = and = , we need to impose the strengthened spin condition and the RZ space is

smooth over ˘, see [29, §6].

For ≥ , denote by 7→ † the Rosati involution on ◦ (
[ ]
, ) induced by [ ]

,
. Define

(
[ ]
, ) := (

[ ]
, , [ ]

,
, [ ]

,
) :=

{
∈ ◦ (

[ ]
, ) | † = [ ]

,

}
.

By (5.1.2), we see that (
[ ]
, ) is a genuine unitary group, with Hasse invariant − . Each in the group

(
[ ]
, ), which is a quasi-isogeny of

[ ]
, to itself of height , and therefore, (

[ ]
, ) acts naturally on

[ ]
, on the left via the rule

· ( , , , ) = ( , , , ◦ ).

Remark 5.2.2. Using Proposition 5.1.3, there exists an isomorphism

: (
[ ]
, , [ ]

,
, [ ]

,
) ≃ (

[ ]
, ( ) , [ ]

, ( )

, [ ]

, ( )

).

Therefore, we can define the following isomorphism:

∗ :
[ ]
, →

[ ]
, ( ) , ( , , , ) 7−→ ( , , , ◦ ). (5.2.1)

Furthermore, the map

∗ : (
[ ]
, ) // (

[ ]
, ( ) ) � // ◦ ◦ − .

is an isomorphism. From the definition, we see that ∗ is compatible with the isomorphism ∗.

In particular, when is odd, there are two non-isomorphic framing objects, but the corresponding

RZ spaces are isomorphic. We cannot give an explicit description for ∗, since the isomorphism is not

explicit (it only exists by the equality of Hasse invariants).

5.3. Geometry of RZ space. In this subsection, we study some basic geometric structure of RZ spaces.

Recall that in §5.1, we defined := = . By restricting the hermitian form on , it is a hermitian

space over . We have an isomorphism ≃ and we can recover as ≃ ⊗ ˘.



RAMIFIED SPLITTING ARITHMETIC TRANSFER CONJECTURES 21

When ̸= , by computation on Dieudonné modules, the geometric points of the RZ space are given

as follows by ˘-lattices (cf. [34, Prop. 2.4] and [16, Prop. 3.5]),

[ ]
, ( ) =

{
⊂ | ∨ ⊆ ⊆ ∨, ⊂ ⊂ ,

≤
⊆ ( + )

}
. (5.3.1)

=
{
⊂ | ∨ ⊆ ⊆ ∨, ⊂ − ( ) ⊂ − ,

≤
⊆ ( + ( ))

}
. (5.3.2)

When = , the geometric points of the RZ space are given as follows by ˘-lattices (cf. [44, Prop.

3.4]),

[ ]
, ( ) =

{
⊂ | ∨ = ⊂ ∨, ⊂ − ( ) ⊂ − , ⊂ ( + ( ))

}
. (5.3.3)

Suppose ̸= , and let ⊂ be any vertex lattice of type . The base change ˘ := ⊗ ˘ defines

a lattice in satisfying

˘∨ ⊆ ˘ ⊆ ˘∨, and (˘) = ˘.

Such lattice defines a geometric point ( ) ∈ [ ]
, ( ). Conversely, for any lattice ∈ [ ]

, ( ) such

that ( ) = , the -invariants := = ⊂ form a vertex lattice of type . Therefore, there is a

one-to-one correspondence between vertex lattices of type in , and -invariant lattices in
[ ]
, ( ). We

call these points of
[ ]
, ( ) the worst points of the RZ space, which explains the chosen notation ( ).

The reason for the name “worst point” is the following: recall that we have := − . Therefore,

= ( ) implies that = ⊂ . Denoting by the hermitian -module corresponding to , its

Hodge filtration equals[
( ) ⊂ ( )

]
=
[

/ ⊂ /
]
=
[

/ ⊂ /
]
.

This defines the worst point ∗ of the local model
[ ]

associated to the RZ space, comp. [29] (see also

Definition 7.2.1 for the definition of the local model).

Let (
[ ]
, ) be the disjoint union of all worst points

(
[ ]
, ) :=

∐
∨⊆ ⊆ ∨⊂

( )=

( ).

When = , then, due to the spin condition, there is no -modular vertex lattice in , see [31, §3.3].
This corresponds to the fact that the local model in this case does not have a worst point, see [29, Rem.

5.3].

We recall the following facts about the RZ space.

Theorem 5.3.1. (i) The formal scheme
[ ]
, is flat, normal and Cohen-Macaulay.

(ii) The formal scheme
[ ]
, is smooth over ( ˘) if and only if = or = − .

(iii) In all cases, the formal scheme
[ ]
, \ (

[ ]
, ) is semi-stable.

Proof. For (i), we refer to [22] (and the literature cited there). For part (ii), the “if” part follows from

[29] and [3]. The “only if” part follows from [22], see also [13]. Part (iii) follows from [16, Cor. 1.3.2]. □

We conclude this subsection with an analysis of (
[ ]
, ). While this computation can be approached

through a detailed study of the basic locus (see [34, 44, 16]), such an approach alone is insufficient for our

purposes, since we will later need to consider RZ spaces
[ , ]
, . Instead, we will use a group-theoretical

approach and reduce the problem to a computation involving affine Deligne-Lusztig varieties (ADLV).
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Recall that ( , ) is a / -hermitian space and we have the associated alternating form

⟨ , ⟩ = / ( − · ( , )).

We have the unitary similitude group˜ = ( , ) :=
{
∈ ( ) | ⟨ , ⟩ = ( )⟨ , ⟩, ( ) ∈ ×} ,

where : ˜ → is the similitude factor, cf. [29, §1.2]. Recall from [29, 1.b.] the Kottwitz map

˜ : ˜(˘ ) −→ (˜) =

{
= + ;

⊕ / = .

Here the first factor is given by the homomorphism

: ˜(˘ ) // � // ( ( )).

In particular, the action of on (˜) is trivial. Recall that ˘ is the completion of the maximal

unramified extension of , with denoting the lifting of Frobenius.

Now let be a non-empty subset of = { , . . . , } ⊆ { , . . . , , } and consider the quasi-

parahoric subgroup

:= ˜( ) ⊂ ˜( ).

We define subgroups ◦ := ∩ ˜. We have the following result:

Proposition 5.3.2 ([29]). (i) The groups ◦ are parahoric subgroups of ˜.
(ii) When = is even, then = ◦ if and only if ∈ . Otherwise, / ◦ ≃ {± }.
(iii) When = + is odd, then = ◦ for any .

(iv) When = and − ∈ , then ◦ = ◦
∪{ }. □

We refer the reader to [29, §2.4] for the definition of the minuscule cocharacter ˜ = ˜ , − and the

admissible set ◦(˜). We denote by ˘ and ˘◦ the base change of and ◦ to ˜(˘ ), resp. For any˜ ∈ ˜(˘ ), we have the generalized ADLV:

◦(˜, ˜, ˜) = { ∈ ˜( ˘ )/˘
◦ | − ( ) ∈

⋃
∈ ({˜}) ˘◦ ˘◦

}
.

Similarly we define (˜, ˜, ˜). This is a perfect subscheme of the partial (ramified) Witt vector flag

variety attached to ˘◦ , locally of finite type over , in the sense of [51] or [5].

We define the relative unitary similitude RZ space3 ˜[ ]
, in the sense of [36], which parameterizes

isomorphism classes of quadruples ( , , , ) similar to §5.2, with the following changes:

• The polarization is given up to a scalar in × ;

• The framing map is any -linear quasi-isogeny which preserves the polarizations up to a scalar in
× .

Note that an isomorphism between two quadruples is now subjected to the condition that the pull-back

of one polarization coincides with the other polarization up to an × -scalar.

By [31, Rem. 3.6], the height zero part of the relative unitary similitude RZ space (˜[ ]
, ) is our RZ

space
[ ]
, (which is open and closed in ˜[ ]

, ).

3The notation ˜ [ ]

, for the unitary similitude group is used exclusively in this subsection and will not cause confusion

with the ˜ [ ]
appearing in later sections.
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Proposition 5.3.3. Let [˜] ∈ (˜, {˜}) be the -conjugacy class in ˜(˘ ) defined by the isocrystal

of the framing object, comp. [36, §1]. Let ˜ ∈ [˜] be a representative. Let := (
[ ]
, ) ⊂ be the

Dieudonné module of the framing object
[ ]
, . Then the map

:
[ ]
(˜, ˜, ˜) −→ (˜[ ]

, ) ,

7−→ .

defines an isomorphism of perfect schemes between the ADLV and the perfection of the underlying reduced

scheme of the relative unitary similitude RZ space.

Proof. This follows directly from a lattice description of ˜[ ]
, ( ) similar to (5.3.1), see [44, Prop. 3.7] or

[51, §3.2] for more details. □

The key ingredient is now the following theorem of He-Zhou. Recall that there is an identification of

the set of connected components of the affine partial flag variety associated to the parahoric ◦,

(˜(˘ )/ ◦) = (˜) . (5.3.4)

In [14, §6], He-Zhou define an element (˜, ˜) ∈ (˜) , well defined up to the action of the subgroup

(˜) , such that the image of ◦(˜, ˜, ˜) equals (˜, ˜) + ( (˜) ) .

Theorem 5.3.4 ([14], Thm. 0.1). The intersection of ◦(˜, ˜, ˜) with the connected component of˜(˘ )/ ◦ corresponding to an element in (˜, ˜) + ( (˜) ) is connected. In particular, after the

choice of an element in the coset (˜, ˜) + ( (˜) ) , there is an identification(
◦(˜, ˜, ˜)) = ( (˜) ) . □

The application of this general result in our specific context leads to the following result.

Proposition 5.3.5. For any non-empty subset ⊆ { , , · · · , }, the number of connected components

of (˜, ˜, ˜) is case by case:

• When = + is odd, then
(

(˜, ˜, ˜)) = (˜) = , defined by ( );

• When = is even and ∈ , then
(

(˜, ˜, ˜)) = (˜) = ⊕ / , where the first factor is

defined defined by ( );

• When = is even and /∈ , then
(

(˜, ˜, ˜)) = , defined by ( ).

Hence (˜, ˜, ˜) has two connected components if and only if is even and ∈ , and is connected

in all other cases. Here (˜, ˜, ˜) denotes the height part of (˜, ˜, ˜).
Proof. When = ◦ , the assertion follows from Theorem 5.3.4, which is the case unless = is even

and /∈ . Therefore, we only need to consider the latter case. In this case, we have (˜) = ⊕ / ,

with trivial action by . For any ∈ , we have ( ) = and ◦ is the subgroup of where the

second factor of ˜ vanishes, comp. [29, discussion below (1.9)].

On the other hand, the affine flag variety ˜(˘ )/ ◦ is isomorphic to the disjoint sum of two copies

of ˜(˘ )/ , distinguished by the Kottwitz map, comp. [29, §3.2] or [30, §4] (in the last paper, the

positive characteristic affine flag varieties is considered but the proof applies also to the Witt vector

affine flag varieties). By Theorem 5.3.4, the intersection of the ADLV with each connected component

of the affine flag varieties is non-empty, we conclude that ◦(˜, ˜, ˜) is the disjoint union of two copies

of (˜, ˜, ˜). The assertion follows. □



24 Y. LUO, M. RAPOPORT, AND W. ZHANG

Corollary 5.3.6. The RZ space
[ ]
, has two connected components when = is even and = ,

and is connected in all other cases.

Proof. By [31, Rem. 3.6], the RZ space
[ ]
, is the height part of the unitary similitude RZ space ˜[ ]

, .

The assertion follows from Proposition 5.3.3 and Proposition 5.3.5. Note that we have the following

equality between the height of the framing map and the height of ADLV:

( ) = ( ( − ( ))),

see for instance, [43, Lem. 1.5]. □

Remark 5.3.7. The first assertion also follows from [31], and the second assertion follows from [16].

When = , connectedness also follows from [34].

Remark 5.3.8. The decomposition
[ ]

=
[ ],+ ⨿ [ ],−

.

relates as follows to the Kottwitz map. Let := (
[ ]
) be the relative Dieudonné module of the framing

object and recall that = [ / ] is the rational Dieudonné module. The space is a ˘/˘ -hermitian

space of dimension . Recall from (5.3.3) the description of the set of geometric points of
[ ]

in terms

of ˘-lattices. Then a geometric point ∈ [ ]
( ) lies in

[ ],+
or

[ ],−
according as the ˘-length of

the module

( + )/ (5.3.5)

is even or odd, cf. [32, §6]. The parity of this length may also be described as follows. Let ∈ ( ).

Then the determinant ( ) is a norm one element in ˘, and hence lies in ˘ with reduction mod equal

to ( ) = ± . For any ( , , ) corresponding to a -modular lattice in , we can find ∈ ( ) such

that = . Then the length of (5.3.5) is even or odd according as ( ) is or − .

We record the following consequence of the above discussion.

Proposition 5.3.9. Let ∈ . There are isomorphisms
[ ],+ ≃ [ ],−

. More precisely, let ∈ (
[ ]
).

For ∈ {±}, the automorphism :
[ ] → [ ]

restricts to an automorphism

:
[ ], → [ ], ( )

. □

5.4. Splitting model
[ ],
, . Let be a scheme over ˘. A splitting structure on a hermitian -

module ( , , ) of dimension and type is a pair of two locally -direct summands of rank

one,

( ) ⊆ ( ) ⊂ ( ), ( ∨) ⊆ ( ∨) ⊂ ( ∨),

subject to the following constraints:

• The morphisms between Hodge filtrations induced by the polarization carry the one additional filtration

into the other:

∗( ( )) ⊆ ( ∨), ∨
∗ ( ( ∨)) ⊆ ( ).

• (Krämer condition) if > is even and = , then the condition states that ( ) = ( ( )− ) ( ).

In general, it requires

( ( )− ) ( ) ⊆ ( ), ( ( ) + ) ( ) = ( );

( ( )− ) ( ∨) ⊆ ( ∨), ( ( ) + ) ( ∨) = ( ).
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Remark 5.4.1. The strengthened spin condition is part of the definition of a hermitian -module of

signature ( , − ) and type , cf. Definition 4.4.1. In fact, the existence of the filtrations ( ) and

( ∨) with the above conditions implies the strengthened spin condition, cf. [15, Thm. 1.4.1].

Fix a framing object (
[ ]
, , [ ]

,
, [ ]

,
). We define the naive splitting model

[ ],
, over ˘ parametriz-

ing the collection of data

( , , , ( ), ( ∨); ),

where ( , , , ( ), ( ∨)) is a hermitian -module of of signature ( , − ) and type with splitting

structure, and where is a framing with the fixed framing object. We define the splitting model
[ ],
,

over ˘ as the flat closure of
[ ],
, .

Remarks 5.4.2. (i) In the -modular case, the splitting structure on a hermitian -module is uniquely

determined if the spin condition is satisfied, see Definition 4.4.1(ii) and Remark 4.4.2(iii). Therefore, the

naive splitting model
[ ],

and the splitting model
[ ],

are isomorphic to the RZ space
[ ]
.

(ii) As one sees from the moduli description, the naive splitting model
[ ],
, and the splitting model

[ ],
, are both isomorphic to the RZ space

[ ]
, .

(iii) In the remaining cases, the splitting structure is uniquely determined outside the worst points. In

fact, the splitting model
[ ],
, is the blow-up of the RZ space in the worst points, cf. [15, Thm. 1.3.1].

We summarize some geometric properties of the splitting model:

Theorem 5.4.3 ([15]). (i) All splitting models
[ ],
, are flat and semi-stable;

(ii) The splitting model
[ ],
, is smooth if and only if = , in which case

[ ], ≃ [ ]
.

Proof. Part (i) follows from [15, Thm. 1.3.1. (i) and Rem. 1.3.4.]. Part (ii) follows from Thm. 1.3.1.(ii)

of loc.cit. □

When ̸= , we denote by := − ( ) the preimage of the worst points along the natural projection

:
[ ],
, → [ ]

, .

5.5. Rapoport–Zink spaces of deeper parahoric level. Let ≤ ≤ ≤ be even integers and

let ∈ {± }. Let
[ ]
, (resp.

[ ]
, ) be the framing hermitian -modules of

[ ]
, (resp.

[ ]
, ). Fix an

-linear isogeny :
[ ] → [ ]

compatible with polarizations such that ⊆ [ ]
[ ] and has degree

( − )/ .

Consider the functor sending a ˘-scheme to the set of isomorphism classes of tuples

( [ ], [ ], [ ], [ ], [ ], [ ], [ ], [ ]), where

( [ ], [ ], [ ], [ ]) ∈ [ ]
( ), ∈ { , },

such that ( [ ])− ◦ ◦ [ ] : [ ]× ¯ → [ ]× ¯ lifts to an isogeny ˜ : [ ] → [ ]. Note that if ˜ exists

then it is unique and ⊆ [ ][ ] and has degree ( − )/ . This functor is represented by a formal

scheme
[ , ]
, known as the (relative) unitary Rapoport–Zink space of parahoric level. The Rapoport–Zink

space
[ , ]
, is formally locally of finite type, of relative dimension − . In general, it is not regular but
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it is always flat [22]. By definition there are natural projections

[ , ]
,

!!}}
[ ]
,

[ ]
, .

The isogeny induces an identification of the rational (relative) Dieudonné modules of
[ ]
, and

[ ]
,

as hermitian spaces. Their common value will be denoted by .

Recall the assumption that > . When ̸= , by computation on Dieudonné modules, the geometric

points of the RZ space
[ , ]
, are given as follows by ˘-lattices:

[ , ]
, ( ) =

{
⊆ ⊂ | ∨ ⊆ ⊆ ∨, ⊂ − ( ) ⊂ − ,

≤
⊆ ( + ( )), = ,

}
.

When = is even and = , we have a similar description for the geometric points
[ , ]

, except

that the last condition for = is replaced by

⊂ ( + ( )).

Similarly to the discussion in §5.3, we have:

Proposition 5.5.1. Let > . The RZ space
[ , ]
, has two connected components when = is

even and = , and is connected in all other cases.

Proof. We define ˜[ , ]
as the relative unitary similitude RZ space. Let [ ] ⊂ [ ] be the relative

Dieudonné module of the framing objects, then the map

:
[ , ]

(˜, ˜, ˜) // (˜[ , ]
, ) 7−→ ( [ ] ⊂ [ ]),

defines an isomorphism between the ADLV and the underlying reduced scheme of the relative unitary

similitude RZ space as perfect schemes. The assertion now follows from Proposition 5.3.5. □

By [11], the morphism
[ , ] → [ ]

is surjective on geometric points, and we define
[ , ],±

as the

preimage of
[ ],±

.

Proposition 5.5.2. Let = be an even integer and let = . There are isomorphisms
[ , ],+ ≃

[ , ],−
. More precisely, let ∈ (

[ ]
). For ∈ {± }, the automorphism :

[ , ] → [ , ]
restricts to

an isomorphism

:
[ , ], → [ , ], ( )

.

Proof. The projection
[ , ] → [ ]

is (
[ ]
)-equivariant, hence we can reduce to Proposition 5.3.9. □

Remark 5.5.3. When = is even, we will also have occasion to consider the RZ space
[ , − , ]

with three indices. The definitions and properties of this space parallel those of
[ , ]

. In fact, by [32,

Prop. 9.12] and Proposition 5.3.5, the natural projection
[ , − , ] → [ − , ]

is a trivial double cover.

Given this straightforward relationship, we omit the detailed construction and properties here.
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6. Special cycles on RZ spaces

6.1. Special cycles at vertex level. Fix a framing object
[ ]
, and the corresponding RZ space

[ ]
, .

Recall the space of special quasi-homomorphisms defined in (5.1.1),

, = (
[ ]
, ) := ◦ ( ,

[ ]
, ) ≃ .

It is an -dimensional / -hermitian space with Hasse invariant − . See (5.1.2) for the definition of

and the isomorphism.

Just as in the unramified / case [21], there are two types of special cycles on
[ ]
, , namely ( )

[ ]
,

and ( )
[ ]
, . Recall that ≡ .

Definition 6.1.1. Fix a vector ∈ , .

(i) We define the -cycle ( )
[ ]
, ⊆

[ ]
, to be the closed formal subscheme which represents the functor

sending each scheme over ˘ to the isomorphism classes of tuples ( , , , ) such that the quasi-

homomorphism

− ◦ ◦ : × −→ × −→ [ ]
, ×

−
−→ ×

extends to a homomorphism → (this is a closed condition by [36, Prop. 2.9]).

(ii) We define the -cycle ( )
[ ]
, ⊆

[ ]
, to be the closed formal subscheme which represents the functor

sending each to the isomorphism classes of tuples ( , , , ) such that the quasi-homomorphism

◦ − ◦ ◦ : × −→ × −→ [ ]
, ×

−
−→ × −→ ∨ ×

extends to a homomorphism → ∨.

Recall that by Remark 5.4.2, the splitting model
[ ],
, is the blow-up of

[ ]
, over the worst points.

(iii) We define the splitting -cycle ( )
[ ],
, and the splitting -cycle ( )

[ ],
, in

[ ],
, as the strict

transforms of ( )
[ ]
, and ( )

[ ]
, , respectively. To be more precise, writing :

[ ],
, → [ ]

, for the

projection map, we define the splitting -cycle ( )
[ ],
, as the closed formal subscheme of the pullback

− ( ( )
[ ]
, ) ⊂ [ ],

, cut out by the quasi-coherent ideal of sections of − ( ( )
[ ]
, )

supported on . We

define ( )
[ ],
, in a similar way.

When (
[ ]
, ) is strictly larger than , an equivalent way of defining ( )

[ ],
, is as follows. The

morphism defines an isomorphism
[ ],
, \ → [ ]

, \ . Therefore, we obtain a commutative diagram,

in which the oblique arrow is a locally closed immersion,

[ ],
,

��

( )
[ ]
, \

� � //

, �

::

[ ]
, .

Then the splitting -cycle ( )
[ ],
, is the Zariski closure of the locally closed subscheme ( )

[ ]
, \ ↪→

[ ],
, . The same applies to ( )

[ ],
, .

The proof of the following theorem is given in §7.
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Theorem 6.1.2. Let ( , , ) be a hermitian -module of dimension − and type over ∈
( / ˘). Let ∈ × be a unit and define

( , , ) := ( × , × , × ).

Then the following assertions hold:

(i) ( , , ) is a hermitian -module of dimension and type .

(ii) If ( , , ) satisfies the strengthened spin condition, then so does ( , , ).

(iii) Suppose ̸= − . Then, if ( , , ) satisfies the strengthened spin condition, then so does

( , , ).

As a consequence, we deduce the following:

Theorem 6.1.3. Let ∈ (
[ ]
, ) be a unit length vector, with corresponding special cycle ( )

[ ]
, ⊂

[ ]
, .

Set ( ) := ( ( , )) and ♭ = ( ) ((− ) − ). Then:

• When is even and = , ( )
[ ]
, is empty (note that = here).

• In the remaining cases, we have an isomorphism

( )
[ ]
, ≃

[ ]

− , ♭ ,

except when:

• is odd, = − , and ♭ = − , in which case the RHS is not defined and the special cycle ( )
[ ]
, is

the disjoint union of points ( ) in (
[ ]
− , ) (indexed by all almost -modular ⊂ (

[ ]
, ) containing

).

Proof. By direct computation on Dieudonné modules, we see that ( )
[ ]
, is empty when is even and

= . In all other cases, ( )
[ ]
, is non-empty.

For any ( , , ) ∈ ( )
[ ]
, , we define

: // // ∨
∨
// ∨ ∼

// .

A standard computation shows that = . Define

( ♭, ♭ , ♭) :=
(
( − ) , ( − ) , ( − )

)
.

It is a hermitian -module of dimension − . Assume ̸= − (we will consider the = −
case in Corollary 7.2.10). By Theorem 6.1.2, ( ♭, ♭ , ♭) satisfies the strengthened spin condition. The

framing object ( ♭, ♭ , ♭) is isomorphic to (
[ ]

− , ♭ , [ ]

− , ♭

, [ ]

− , ♭

), denote this isomorphism by .

We have an isomorphism

( )
[ ]
,

∼
// [ ]

− , ♭ , ( , , , ) � //

(
( − ) , ( − ) , ( − ) , ◦ ( − ) , ( − ) )

)
,

with the inverse given by

[ ]

− , ♭

∼
// ( )

[ ]
, , ( , , , ) � // ( × , × , × , ( ◦ − )× ),

where = ( , ) ∈ × . □

There is one more exceptional isomorphism, as follows.
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Theorem 6.1.4. Let be even and = . Let ∈ (
[ ]
) be a unit length vector (note that there is

no need to mention the epsilon factor, as = ). Set ♭ = ( ) ((− ) − ). Define
[ − ],◦
− , ♭ by the

following fiber product diagram,

[ − ],◦
− , ♭

□
��

� � // [ − , ]

��

[ − ]

− , ♭

� � // [ − ]
.

Then the morphism
[ − , ] → [ − ]

is a trivial double covering, cf. [32, Prop. 6.4]. Furthermore, the

composition
[ − ],◦
− , ♭ →

[ − , ] → [ ]
factors through ( )

[ ]
and induces an isomorphism

[ − ],◦
− , ♭ ≃ ( )

[ ]
.

In particular, there is a natural morphism

( )
[ ] −→ [ − ]

− , ♭ ,

which is a trivial double covering. Furthermore, ( )
[ ]

= ( )
[ ]
.

Proof. This is proved in the paper of Yao [45, Thm. 5.5]. In his paper, he only considers the situation

where ♭ = , but the other case ♭ = − follows from (5.2.1). □

In the splitting model, we have the following:

Theorem 6.1.5. Let ∈ (
[ ]
, ) be any non-zero vector, with corresponding special cycles ( )

[ ],
, and

( )
[ ],
, on

[ ],
, .

(i) The special cycles ( )
[ ],
, and ( )

[ ],
, are Cartier divisors.

(ii) Assume is a unit length vector, and set ( ) := ( ( , )) and ♭ = ( ) ((− ) − ). Then

• When is even and = , ( )
[ ],
, is empty.

• In the remaining cases, we have isomorphisms

( )
[ ],
, ≃ [ ],

− , ♭ ,

except when

• When is odd, = − , and ♭ = − , then the RHS is not defined and ( )
[ ],
, is empty.

Proof. (i) By [15, Prop. 1.5.1], the pull-backs of special cycles ( ) and ( ) into the splitting RZ spaces

are Cartier divisors. Therefore ( )
[ ],
, and ( )

[ ],
, , as codimension closed subschemes in the regular

formal scheme
[ ],
, , are also Cartier divisors.

(ii) This follows from Theorem 6.1.3, and the definition of splitting -cycles. □

The divisors appearing in Theorem 6.1.5 are exceptional in that they are isomorphic to a splitting

RZ space of lower dimension for a maximal parahoric level. The following conjecture would tell us that

there are no further exceptional special divisors.

Conjecture 6.1.6. Let ∈ (
[ ]
, ) be any non-zero vector, with corresponding special cycle ( )

[ ]
, .

Assume that ( )
[ ],
, is a non-empty regular scheme (hence ̸= ). Then is a unit-length vector and

hence ( )
[ ],
, ⊂ [ ],

, is an exceptional special divisor.
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Remark 6.1.7. To classify all cases when ( )
[ ],
, is non-empty regular seems more complicated.

Assume that ( , ) ∈ and that ̸= . Then ( )
[ ],
, ⊊ ( )

[ ],
, . This leads us to suspect that

if ( )
[ ],
, is non-empty regular, then = if is even and = − if is odd, and that is a

unit-length vector. When is even, we conjecture that, if ( )
[ ],
, is a non-empty regular scheme, then

is a unit-length vector and hence ( )
[ ],
, ⊂ [ ],

, is an exceptional special divisor. When is odd, we

conjecture that the divisor ( )
[ − ],
, ⊂ [ − ],

, is regular if and only if has unit-length and ♭ = − .

However, in the latter case we cannot relate this to an RZ space of dimension − .

The special cycles ( )
[ ]
, ⊂

[ ]
, and ( )

[ ]
, ⊂

[ ]
, are not Cartier divisors, comp. [6, Rem. 2.5.1].

The following conjecture seems the best-possible replacement.

Conjecture 6.1.8. Let ∈ (
[ ]
, ) be any non-zero vector. There exists a unique Cartier divisor

( )
[ ]
, resp. ( )

[ ]
, on

[ ]
, such that its restriction to

[ ]
, \ equals ( )

[ ]
, resp. ( )

[ ]
, .

The analogous conjecture for Shimura varieties holds for = , cf. [6, Thm. 2.5.3].

6.2. Embeddings of RZ spaces. The arithmetic transfer conjecture concerns the embedding of a

hermitian lattice of rank into a hermitian lattice of dimension + . We make the following definition

to keep track of these data.

Let = ( , , ) be a framing object of dimension + . Recall from §5.1 that ( ) = ◦ ( , ) is

the space of special quasi-homomorphisms. It is a non-degenerate hermitian space of dimension . Also

recall that ( ) is the negative of the Hasse invariant of ( ), cf. Thm. 5.1.1.

Definition 6.2.1. An aligned triple of dimension and type is a triple ( [ ], [ ], ) = ( , , )

consisting of a type framing object of dimension , a type framing object of dimension + ,

and a unit-length vector ∈ ( ) such that there is an isomorphism

( × , × , × · ) ≃ ( , , ),

identifying the inclusion map of the second factor on the LHS with . Here = ( , ) ∈ × .

In particular, we have an isomorphism between hermitian spaces

( ) k ⟨ ⟩ ≃ ( ).

Here ⟨ ⟩ is the one-dimensional hermitian space spanned by . Let ( ) := ( ) = ( ( , )), then we

have the relation,

( ) = ((− ) ) ( ) ( ).

Starting from an aligned triple of dimension + and type , we obtain a closed embedding of formal

schemes,

[ ] � � // [ ]
+ , (6.2.1)

cf. Theorem 6.1.2. Note that here
[ ]

=
[ ]

, ♭ and
[ ]
+ =

[ ]
+ , , where = ( ) and ♭ = ( ).

For ≤ , using the isogeny [ ] → [ ] from §5.5, this isogeny extends in the obvious way to an

isogeny [ ] → [ ]. We then obtain commutative diagrams in which the horizontal arrows are closed
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embeddings,

[ , ] � � //

��

[ , ]
+

��

[ ] � � // [ ]
+ ,

[ , ] � � //

��

[ , ]
+

��

[ ] � � // [ ]
+ .

Proposition 6.2.2. Let ≤ ≤ ≤ . Fix an aligned triple ( [ ], [ ], ) of dimension + and type

and consider the isogeny [ ] → [ ] and its canonical extension [ ] → [ ]. Then the corresponding

commutative diagram is cartesian,

[ , ] � � //

□
��

[ , ]
+

��

[ ] � � // [ ]
+ ,

In practice, we will only use the cases = when is even and = − when is odd.

Proof. Using Theorem 6.1.3, we identify
[ ] ⊂ [ ]

+ with the special divisor ( )
[ ]
+ ⊂ [ ]

+ . Then, the

pull-back along the projection
[ , ]
+ → [ ]

+ parametrizes all pairs ( [ ], [ ]) with a lifting [ ] → [ ]

of [ ] → [ ] such that there exists a lifting : → [ ] of → [ ]. By composition with [ ] → [ ],

this lift also exists for [ ], hence using the standard splitting procedure we get splittings [ ] ≃ [ ]×
and [ ] ≃ [ ] × compatible with the isogeny [ ] → [ ]. We obtain the desired object [ ] → [ ] of
[ , ]

. □

Remark 6.2.3. (i) The statement fails if we replace the bottom arrow by the other injection
[ ]

↪→
[ ]
+ . This is best illustrated by the lattice model, see §10.2 below for the notation used. In the lattice

model we have that
[ ] × [ ]

+

[ , ]
+ is given as

{( ♭, , ) ∈ [ ]( ♭)× [ ]( )× [ ]( ) | ⊂ = ♭ ⊕ ⟨ ⟩}

In general, does not lie in and hence is not of the form = ♭ ⊕ ⟨ ⟩, where ♭ is a vertex

lattice of type with ♭ ⊂ ♭.

(ii) Note that when is even, the existence of the isogeny [ ] → [ ] imposes for = the condition that
♭ = . In particular, if ♭ = − , there is no obvious candidate for the fiber product

[ ]

, ♭× [ ]
+ ,

[ , ]
+ , .

In §10.1, we denote this space by ˜[ ]
.

7. Comparison of strengthened spin conditions

In this section we prove Theorem 6.1.2. Part (i) is straightforward.

7.1. From smaller space to larger space. In this subsection we will prove part (ii) of Theorem 6.1.2.

Let ( , ) be a hermitian space of dimension . Recall the notation in §4.2; in particular, we have

= ⊗ and , = ∩ , ⊂ =
∧

.

Lemma 7.1.1. The subspace ⊂ is spanned by the pure tensors.

Proof. Denote by ⊂ the subspace spanned by pure tensors. In other words, this is the subspace

spanned by
∧

, where ⊂ is an -dimensional subspace such that
∧

∈ . The subspace
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is ((·, ·, ))-stable, and thus forms a sub-representation. The assertion follows from the irreducibility of

. □

Let ( ♭, ♭) be a hermitian space of dimension − and let ∈ × be a unit. We choose the hermitian

space ( , ) with = ♭ k and ( , ) = . Let = ⊗ , ♭ = ♭ ⊗ and ◦ = ⊗ .

The symmetric forms on , ♭ and ◦ split respectively. We have the following decomposition:

− ♭ =
− ♭ ⊕ − ♭

− , and = ⊕ − .

Since = ♭ ⊕ ◦, we have∧
=
∧

♭ ⊕
( −∧

♭ ⊗ ◦
)
⊕
(∧

♭ ⊕
∧

◦
)
.

Let := ⊗ and := ⊗ in ⊗ . For any ∈ , we have(
( − ) , ( − )

)
=

(
(− − )( − ) ,

)
= ,

hence ( − ) is an isotropic vector.

Proposition 7.1.2. We have the following equality:

−
⋂(

− ♭ ⊗ ( + )
)
=

− ♭
− ⊗ ( + ) .

Proof. We have ◦ =
(
( − ) , ( + )

)
. We further decompose

− ♭ ⊗ ◦ =
( − ♭ ⊗ ( − )

)
⊕
( − ♭

− ⊗ ( − )
)

⊕
( − ♭ ⊗ ( + )

)
⊕
( − ♭

− ⊗ ( + )
)
. (7.1.1)

We claim that

− ♭ ⊗
(
( − )

)
⊂ − , and

− ♭
− ⊗

(
( − )

)
⊂ .

We prove the first inclusion. Let ♭ ⊂ ♭ be any subspace of dimension − such that
∧ − ♭ ⊂ ♭.

Let = ♭ ⊕ ( − ) . By Lemma 7.1.1, we only need to show that∧
=

−∧
♭ ⊗ ( − ) ⊂ − .

We define a morphism

: (
− ♭

− ) −→ ( )⨿ ( ).

By Lemma 7.1.1, we only need to define for all
∧ − ♭ ∈ (

− ♭
− ), where ♭ is a total isotropic

subspace. For such ♭, we define( −∧
♭
)
:=

(∧ )
, where := ♭ ⊕ ( − ) .

Since is totally isotropic, the map is well-defined. We claim that ( (
− ♭

− )) ⊂ ( − ). Since

(
− ♭

− ) is connected, we must have either

( (
− ♭

− )) ⊂ ( ) or ( (
− ♭

− )) ⊂ ( − ).

Thus, it suffices to find a single geometric point of (
− ♭

− ) that maps to ( − ). Such a point is

constructed in [22, Lem. 3.1.1].
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As a consequence of the claim, we see that the intersection of the subspace

−
⋂(

− ♭ ⊗ ( + )
)
⊆

with the direct factor in (7.1.1):

− ♭ ⊗ ( − ) ⊕ − ♭
− ⊗ ( − ) ⊕ − ♭ ⊗ ( + ) ⊂

is zero. Moreover, since we have

−
⋂(

− ♭ ⊗ ( + )
)
⊇ − ♭

− ⊗ ( + ) ,

the equality in the assertion follows by dimension counting. □

Lemma 7.1.3. For = ♭ ⊕ ◦, we have

,
⋂(

− ♭ ⊗ ( + )
)
= − ♭, − , ⊗ ( + ) .

Proof. We have

= ♭ ⊕ ( + ) , and − = ♭
− ⊕ ( − ) .

This induces the decomposition of the eigenspaces,

, = − ♭, , ⊕
(

− ♭, − , ⊗ ( + )
)
⊕
(

− ♭, , − ⊗ ( − )
)

⊕
(

− ♭, − , − ⊗ ( − ) ⊗ ( + )
)
.

Now the assertion follows. □

Let ♭ ⊂ ♭ be a vertex lattice of type and let = ♭ ⊕ ⟨ ⟩. It is also a vertex lattice of type .

We have: ∧
( ⊗ ) =

( −∧
♭
)
⊗ ( ⊗ ) ⊂

−∧
♭ ⊗ .

Proposition 7.1.4. The following equality of lattices in − ,
,− holds:( − ♭ ⊗ ( + )

)
∩ − ,

− = − ♭, − ,
− ⊗ ( + ) .

Proof. It is clear that we have(
− ♭ ⊗ ( + )

)
∩ − ,

− ⊇ − ♭, − ,
− ⊗ ( + ) .

We will show the converse inclusion. Note that(
− ♭ ⊗ ( + )

)
∩ − ,

− ⊂ − ♭ ⊗ ( + ) .

By the definition of the lattice (4.2.2), it suffices to show the inclusion(
− ♭ ⊗ ( − )

)
∩ − ,

− ⊂ ( − ♭, − ,
− )⊗ ( + ) = − ♭, − ,

− ⊗ ( + ) .

By Proposition 7.1.2 and 7.1.3, we have( − ♭ ⊗ ( + )
)
∩ − , ∩ − ⊂

(
− ♭, − , ∩ − ♭

−

)
⊗ ( + ) .

The assertion now follows. □

Recall that for an -lattice and an -algebra , we set := ⊗ .
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Corollary 7.1.5. For any -algebra , let ♭ ⊂ ♭ be a totally isotropic subspace. Let = ♭ ⊕
( + ) ⊂ . If

∧ − ♭ ∈ − ,
♭,− ( ), then

∧
∈ − ,

,− ( ). In other words, if ♭ satisfies the

strengthened spin condition, then so does .

Proof. By Proposition 7.1.4, we have an inclusion(
− ♭, − ,

− ⊗
)
⊗ ( + ) ⊂

(( − ♭ ⊗
)
⊗ ( + )

)
∩
(

− ,
−

)
⊗ . (7.1.2)

Since
∧

=
∧ − ♭ ⊗ ( + ) , the assertion follows. □

This corollary implies Theorem 6.1.2, (ii). Indeed, recall that, by definition, a hermitian -module

( , , ) of dimension − and type satisfies the strengthened spin condition if after some étale

extension and the choice of a trivialization[
· · ·

∨
∗−−→ ( ) ∗−→ ( ∨)

∨
∗−−→ · · ·

]
∼−→ ♭

[ ], ,

the induced filtration ( ) satisfies the strengthened spin condition. In the case of Theorem 6.1.2(ii), we

choose a trivialization for the de Rham homology of as above, then we have a trivialization[
· · ·

∨
∗−−→ ( ) ∗−→ ( ∨)

∨
∗−−→ · · ·

]
∼−→
[
· · ·
(

♭ ⊕ ⟨ ⟩
)
−→

(
♭,∨ ⊕ ⟨ ⟩

)
−→ · · ·

]
.

We can identify ( ) and ( ) with ♭ and above. Hence Theorem 6.1.2(ii) follows from Corollary

7.1.5.

7.2. From larger space to smaller space. The inclusion (7.1.2) can be strict in general. To study

the converse, we need a more careful study of the strengthened spin condition. For this, it is convenient

to introduce the local model and some auxiliary conditions.

Definition 7.2.1. Let be a vertex lattice of type . Denote by : → ∨ and ∨ : ∨ → −

the natural inclusions.

(i) The wedge local model
[ ],∧

is a projective scheme over . It represents the moduli problem that

sends each -algebra to the set of filtrations:

,
// ∨

,

∨
// −

,

?�

OO

// ∨
?�

OO

// −
?�

OO

(7.2.1)

such that:

(a) For each lattice ∈ { , ∨, − }, the filtration is an ⊗ -submodule of , and an

-direct summand of rank ;

(b) The natural arrow : , → ∨
, carries into ∨ , and the natural arrow ∨ : ∨

, →
−

, carries ∨ into − . The isomorphism −
, → , identifies − with ;

(c) The perfect -bilinear pairing

, × ∨
,

⟨−,−⟩⊗−−−−−→

identifies ⊥
∨ with inside , ; and

(d) For each lattice ∈ { , ∨, − }, the element ⊗ ∈ ⊗ acting on satisfies the

following signature conditions:
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• (Kottwitz condition) There is an equality of polynomials

( | ) = ( − )( + ) − ;

• (Wedge condition) We have∧
( − | ) = ; and

∧
( + | ) = .

• (Spin condition) When is even and = , we further require that the operator − is nowhere

vanishing in .

(ii) The canonical local model
[ ]

is a flat projective scheme over , cf. [22]. It represents the moduli

problem that sends each -algebra to the set of filtrations in (7.2.1) satisfying the axioms (a)(b)(c)

in (i), and the requirement that for all lattices ∈ { , ∨, − }, the element ∈ ⊗ acting

on satisfies the strengthened spin condition.

(iii) For ̸= , we define the worst point as the filtration ( := ⊂ ). This defines a point

∗ ∈ [ ] ∈ [ ]
( ) by [22, Lem. 3.1.1].

The Kottwitz condition and the wedge condition are easier to handle than the strengthened spin

condition, and it is not hard to check the following:

Lemma 7.2.2. Let = ♭ ⊕ ⟨ ⟩ and let = ♭ ⊕ ( − ) ⊂ be a filtration. Then ♭ satisfies the

Kottwitz condition (resp. the wedge condition) if and only if satisfies the Kottwitz condition (resp. the

wedge condition). □

Next, we study the strengthened spin condition over the special fiber. The key input is the following

computation:

Theorem 7.2.3. [22, Cor. 3.4.7] Let = = ( , · · · , ) be the split hermitian space with basis

such that ( , ) = , + − . For any integer such that ≤ ≤ , we let be the standard

integral lattice:

:=
( − , · · · , − , + , · · ·

)
⊂ .

Consider ⊗ ⊂ := ⊗ , it is spanned by the following basis:

− ⊗ , · · · , − ⊗ , + ⊗ , · · · , ⊗ ; ⊗ , · · · , ⊗ , + ⊗ , · · · , ⊗ .

We denote them by order as , · · · , , hence , = ( , · · · , ). Denote by [ , +̂ ] the vector

[ , +̂ ] := { , + ,··· , +̂ ,··· , } := ∧ + ∧ · · · ∧ +̂ ∧ · · · ∧ .

For any -algebra , the standard lattice − ,
,− ( ) is generated by the following elements, where we set

∨ := + − :

(i) { + ,··· , };

(ii)
[ , +̂ ∨]

for ̸= ∨;

(iii) [ , +̂ ] − (− ) + +
[ ∨, +̂ ∨]

for < ∨ ≤ , ̸= ;

(iv)
[ ∨, +̂ ∨]

for ≤ < ∨ < − + ;

(v) [ , +̂ ] + (− ) + +
[ ∨, +̂ ∨]

for ≤ , ∨ ≤ − + , ̸= ;

(vi) [ , +̂ ] − (− ) + +
[ ∨, +̂ ∨]

for < < ∨ < − + , ̸= ;

(vii) [ , +̂ ] for < < − + ≤ ∨, ̸= ;
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(viii) [ , +̂ ] − (− ) + +
[ ∨, +̂ ∨]

for − + ≤ < ∨, ̸= ;

(ix) [ , +̂ ] + (− )
[ ∨, +̂ ∨]

for ≤ ;

(x) [ , +̂ ] + (− )
[ ∨, +̂ ∨]

for < ≤ ;

(xi) Let =
∑

= [ , +̂ ] ∈ ( )⊗ . Then lies in the image if and only if

(a) When = , we have
∑

= (− ) = ;

(b) When = + , we have
∑

= (− ) + (− ) +
+ = .

All the of the form (a) and (b) generate a free submodule, a basis of which can be completed to a

basis of − ,
− ( )( ) by the elements (i)-(x).

□

Theorem 7.2.4. Suppose = ̸= − . Let ( ♭, ♭) be a hermitian space of dimension and let
♭ ⊂ ♭ be a vertex lattice of type . For any -algebra , let

♭ ⊂ ♭
, and ♭,∨ ⊂ ♭,∨

,

be -submodules satisfying axioms (a)-(c) in Definition 7.2.1(i). Denote by the vertex lattice ♭ ⊕⟨ ⟩,
where is a unit length vector. Define

= ♭ ⊕ ( + ) ⊂ , , and ∨ = ♭,∨ ⊕ ( + ) ⊂ ∨
, .

Then and ∨ satisfies the axioms (a)-(c) in Definition 7.2.1(i). Moreover, if
∧

⊂ − ,
,− ( ),

then
∧ −

♭ ⊂ − ,
♭ ,− ( ). In other words, if satisfies the strengthened spin condition, then so does

♭ .

Proof. The verification of axioms (a)-(c) for and ∨ follows standard arguments, so we focus on

proving the strengthened spin condition. By [22, Prop. 2.4.3], it suffices to verify the assertion for ∨ .

By [36, Thm. 3.16], after passing to some étale cover, we may assume that = − and ∨ = , where

− and are standard lattices defined in Theorem 7.2.3 with the following basis (see [22, §3.1.1]):

− , ˘
: ⊗ , · · · , − ⊗ , + − ⊗ , · · · , ⊗ ;

⊗ , · · · , − ⊗ , + − ⊗ , · · · , ⊗ .

, ˘
: − ⊗ , · · · , − ⊗ , + ⊗ , · · · , ⊗ ;

⊗ , · · · , ⊗ , + ⊗ , · · · , ⊗ .

We denote the basis of ⊗ by order as , · · · , , this is also the ordered basis we chose for

, in Theorem 7.2.3.

After scaling, we may assume that ( , ) = . Recall that the loop group acts on the local model, and

its action on the quotient / ∨ factors through the orthogonal group ( / ∨). By Witt’s theorem,

there exists ∈ ( / ∨) such that

≡ ∨, where =

{
+ = + ;

( )( + + ) = .

Therefore, without loss of generality, we may assume that = + for some gadget term ∈ .

Furthermore, for a -algebra , since = , we have the equality ♭,∨ ⊕ = ♭,∨ ⊕ .

Consequently, we may further assume = . We choose a basis ♭ , · · · , ♭ for ♭ as follows:
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• When = + is odd, we set

♭ = , · · · , ♭ = ; ♭
+ = + , · · · , ♭ = + .

• When = is even, we set

♭ = , · · · , ♭
− = − ; ♭ =

( )
( − + ); ♭

+ = + , · · · , ♭
− = .

Then ♭,∨ is spanned by the basis

♭,∨ = ( − ♭ , · · · , − ♭ , ♭
+ , · · · , ♭ ).

We now distinguish cases, according to the parity of .

Suppose = + is odd. The lattice ♭,∨
, is generated by

, · · · , +̂ , . . . , , + , · · · , +̂ + , . . . , .

Since ̸= − , we can apply Theorem 7.2.3 and find the basis of the standard lattice − ,
♭ ,− ( )

and − ,
,− ( ). The former is of the same form as the latter, except that [ , +̂ ] is defined by taking

( − )-th wedge power, with vectors + and + + being omitted. Furthermore, since

∨ = ♭,∨ ⊕ ( − ) = ♭,∨ ⊕ + + ,

we have the equality ∧
∨ =

−∧
♭,∨ ⊗ + + .

By comparing the bases of − ,
♭ ,− ( ) and of − ,

♭,∨,−
( ), we directly conclude that

∧
∨ ∈ − ,

♭ ,− ( )

if and only if ♭,∨ ∈ − ,
♭,∨,−

( ).

Suppose = is even. The lattice ♭,∨
, is generated by

♭ := , . . . , ♭
− := − ; ♭ := − + ; ♭

+ = + , . . . , ♭
− := ;

♭ := + , . . . , ♭
+ − := + − ; ♭

+ − := + − + + ; ♭
+ := + + , . . . , ♭

− := .

Since

∨ = ♭,∨ ⊕ ( − ) = ♭,∨ ⊕ ( + + ) = ♭,∨ ⊕ ( + + + + ),

we have the equality
+∧

∨ =
∧

♭,∨ ⊗ ( + + + + ). (7.2.2)

Let us write
∧

♭,∨ as a sum of pure tensors. For any subset ⊂ { , · · · , }, let ♭ :=
∧

∈
♭ . We

consider the following cases:

(1) If the pure tensor has the form ♭ , where { , + − } ∩ = , then as in the even case, it is

straightforward to verify that if ♭ ∧ ( + + + + ) ∈ − ,
∨,− , then ♭ ∈ − ,

♭,∨,−
.
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(2) If the pure tensor has the form ♭ ∧ ♭ , where { , + − } ∩ = , the expansion becomes:

♭ ∧ ♭ ∧ = ♭ ∧ ( ∧ + − + ∧ + + ) + ♭ ∧ ( ∧ + + − + ∧ + ).

Consider the term ♭ ∧ ( ∧ + − + ∧ + + ). Since ∨ := + − = + , this term lies

in ,
,− ( ) if and only if

♭ ∧ ( ∧ + − + ∧ + + ) =
[ , +̂ ∨]

−
[ + , ̂+( + )∨]

,

which is the case (ii) in the list of Theorem 7.2.3. In particular, we have ⊂ { , · · · , }, and thus
♭ ∧ ♭

+ also belongs to case (ii).

(3) If the pure tensor has the form ♭ ∧ ♭
+ − , where { , + − } ∩ = , we have

♭ ∧ ♭
+ − ∧ = ♭ ∧ + ∧ + + .

This term lies in − ,
,− ( ) if and only if

♭ ∧ + ∧ + + = { + ,··· , }

which is the case (i) of Theorem 7.2.4: since + and + + lie in { + , · · · , }, and case (i)

is the only case which allows more than one index in { + , · · · , } to appear. As a consequence,

we have ♭ ∧ ♭
+ − = ♭

{ ,··· , − } and is spanned by − ,
♭,∨,− .

(4) If the pure tensor has the form ♭ ∧ ♭ ∧ ♭
+ − , where { , + − }∩ = . Then the generator

of the space (7.2.2) will have a factor of the form ∧ ∧ + ∧ + + for some , but none of

the basis in Theorem 7.2.3 contains a vector of such form. □

Remark 7.2.5. We can see from the proof of Theorem 7.2.4(iii) that the reason why the exceptional

isomorphism fails in the almost -modular case is the following: when = = − , by [22, Cor.

5.2.3], the standard lattice − ,
♭ ,− ( ) is generated by the basis of the form (ii)-(xi) (and no and

+ − appear). Therefore, if
∧ −

♭,∨ ⊂ − ,
♭,∨,−

( ), then
∧

∨ ⊂ − ,
∨,− ( ). But the converse

is not true: for instance, if
∧

∨ is spanned by { + ,··· , } (e.g. the worst point ∗ ∈ [ ]
), then∧ −

♭,∨ is spanned by { + ,··· , +̂ − ,··· , }, but this vector is not in
− ,
♭,∨,−

( ), see the proof of [22,

Cor. 5.2.3].

The description of the basis of − ,
♭ ,− ( ) is much more complicated when ̸= . In order to extend

Theorem 7.2.4 from the special fiber to the integral model, and also study the case when = − , we

will use properties of the wedge local models
[ ],∧

studied in [29, 40, 41].

Definition 7.2.6. Let ♭ ⊂ ♭ be a vertex lattice of type and let = ♭ ⊕ , such that ( , ) = .

We define ( )
[ ],∧ ⊂ [ ],∧

as the closed subscheme of
[ ],∧

that sends each -algebra to the set of

all families ( ⊂ , , ∨ ⊂ ∨
, ) in

[ ],∧
such that = ♭ ⊕ ( − ) . Similarly, we define4

( )
[ ] ⊂ [ ]

.

Consider the map

[ ],∧
−

// [ ],∧
, ( ♭)

� // ( ♭ ⊕ ( − ) ).

4Despite the suggestive notation, the space ( ) is not a local model of the special cycle ( )! However, they do share

the same first-order deformation space, even though their higher-order deformations may differ.
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This map is well-defined by Lemma 7.2.2, and it factors through ( )
[ ],∧ ⊂ [ ],∧

by definition. We

denote the resulting morphism by ∧ :
[ ],∧
− → [ ],∧

. Similarly, by Theorem 7.2.4, we have morphisms

[ ]
−
� � // [ ] ⊂ [ ]

.

An immediate consequence of Lemma 7.2.2 is the following:

Proposition 7.2.7. Assume ̸= − , keep the notation as above. The inclusion

∧ :
[ ],∧
−
� � // [ ],∧

is an isomorphism. □

The main result in the context of local models is the following:

Theorem 7.2.8. Assume ̸= , keep the notation as above.

(i) When ̸= − , there is an equality of closed subschemes of
[ ]
:

[ ]
− =

[ ]

(ii) When is odd and = − , there is an equality of closed subschemes of
[ − ]

:

[ − ]
=

[ − ]
− ⨿ {∗},

where ∗ is the worst point of
[ − ]

.

Proof. For any ̸= , by Proposition 7.2.7, we have the inclusions

[ ]
− ⊆ [ ] ⊆ [ ],∧ ≃ [ ],∧

− ⊆ [ ],∧
. (7.2.3)

For part (i), when ̸= − , by Theorem 7.2.4, we have an isomorphism over the special fiber,

[ ]
− ,

∼
// [ ]

, ⊂
[ ]
, .

On the other hand, (7.2.3) induces isomorphisms over the generic fiber,

[ ]
− ,

� � ∼
// [ ]

,
� � ∼

// [ ],∧
− , .

Since
[ ]
− is flat, we conclude that is an isomorphism by [9, Prop. 14.17].

For part (ii), when = − , by [31, Prop. 3.10], we have the identification of closed subschemes of
[ − ],∧

[ − ],∧
− =

[ − ]
− ⨿ {∗}. (7.2.4)

Since the worst point is in the local model, i.e., ∗ ∈ [ − ]
, it also lies in the following intersection:

∗ ∈ [ − ] ∩ [ − ],∧
=

[ − ]
.

Therefore, we have

[ − ]
− ⨿ {∗} ⊆ [ − ] ⊆ [ − ],∧

=
[ − ],∧
− =

[ − ]
− ⨿ {∗}.

This proves (ii). □

As a consequence, we deduce the following:
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Corollary 7.2.9. Let ∈ × be a unit and let be a scheme over ˘. Let ( , , ) be a hermitian

-module of dimension − and type over . Define

( , , ) := ( × , × , × ).

Suppose ̸= − . If ( , , ) satisfies the strengthened spin condition, then so does ( , , ).

Proof. This follows from the definition of the strengthened spin condition and the local model result in

Theorem 7.2.8(i). Note that by passing to some étale local extension, we may assume that = ∈
× . □

We also deduce the remaining part of Theorem 6.1.3:

Corollary 7.2.10. Let ∈ (
[ ]
, ) be a unit-length vector, with corresponding special cycle ( )

[ ]
, ⊂

[ ]
, . Set ( ) := ( ( , )) and ♭ = ( ) ((− ) − ). Suppose is odd and = − .

(i) When ♭ = , there is the exceptional isomorphism

( )
[ − ]
, ≃ [ − ]

− , ♭ .

(ii) When ♭ = − , the space
[ − ]

− , ♭ is not defined and the special cycle ( )
[ − ]
, is the disjoint union

of points in (
[ ]
, ) (indexed by all almost -modular lattices ⊂ (

[ ]
, ) containing ).

Proof. The worst point ∗ of [ − ]
is represented by the filtrations ( ⊂ ⊗ ). By [16, Prop. 3.4],

this is the only closed point ( ⊂ ⊗ ) in the special fiber of the local model satisfying = ( )

for = and ∨.

Let ( , , , ) ∈ [ − ]
+ , ( ). It lies in (

[ − ]
) if and only if its Hodge filtration satisfies ( ) =

( ) ⊂ ( ). Equivalently, if we choose ( ) ⊂ ( )[ ] as the almost -modular lattice and use it

to define the local model
[ − ]

, then ( , , , ) lies in (
[ ]
) if and only if its Hodge filtration

( ) ⊂ ( ) ≃ ( )⊗ defines the worst point ∗ of [ − ]
.

Recall that in §5.1, we define as the rational Dieudonné module of the framing object :=
[ − ]
, ,

equipped with a hermitian form and a -linear operator : → . Recall from (5.3.2) that the

geometric points of the RZ space are given as follows by ˘-lattices:

[ − ]
, ( ) =

{
⊂ |

−
⊂ ∨, ⊂ − ( ) ⊂ − ,

≤
⊂ ( + ( ))

}
.

By the isometry ( ) ⊗ ˘ ≃ ⊗ ˘ ≃ , the unit-length element ∈ ( ) corresponds to a

unit-length element in , which we will still denote by . Under the identification (5.3.2), we have

( )
[ − ]
, ( ) =

{
∈ [ − ]

, ( ) | ∈
}
=
{
∈ [ − ]

, ( ) | = ♭ ⊕ ⟨ ⟩
}
. (7.2.5)

Now we prove (i). By Theorem 7.2.4, we have a closed embedding :
[ − ]

− , ♭ ⊆ ( )
[ − ]
, . We will

prove that this embedding is an isomorphism by proving that it induces a bijection on geometric points

and is infinitesimally étale.

We first check the bijectivity. Denote by ♭ the rational Dieudonné module of
[ − ]
− , then we have

= ♭⊕ ˘ as hermitian spaces. This identification is compatible with the hermitian form ♭, the action
♭, and the -linear operator ♭ in ♭. We will drop those flat symbols for simplicity.

Recall from (5.3.3) that the space of geometric points of
[ − ]
− is given as follows by ˘-lattices,

[ − ]
− ( ) =

{
♭ ⊂ ♭ | ♭ −

⊂ ♭,∨, ♭ ⊂ − ( ♭) ⊂ − ♭, ♭ ⊂ ( ♭ + ( ♭))
}
.
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One can rewrite (7.2.5) as

( )
[ − ]
, ( ) =

{
♭ ⊂ ♭ | = ♭ ⊕ ⟨ ⟩ ∈ [ − ]

, ( )
}
.

It is straightforward to verify that such a lattice ♭ satisfies

♭ −
⊂ ♭,∨, ♭ ⊂ − ( ♭) ⊂ − ♭, ♭

≤
⊆ ( ♭ + ( ♭)).

In the last relation, we must have ♭ ⊂ ( ♭ + ♭( ♭)): otherwise, we have ♭ = ♭( ♭), and the ♭-

invariants ♭, ⊂ ♭, would be a -modular vertex lattice in . This contradicts the fact that is

non-split.

Indeed, this computation extends naturally from to any algebraically closed field . Therefore, the

closed immersion :
[ − ]

− , ♭ ⊂ ( )
[ − ]
, induces an equality on geometric points, i.e.,

[ − ]

− , ♭( ) =

( )
[ − ]
, ( ) for any algebraically closed field over .

Moreover, by [32, Lem. 3.3], these points are disjoint from (
[ − ]

). By Grothendieck-Messing theory

and Theorem 7.2.8(ii), for each geometric point ∈ [ − ]

− , ♭( ) = ( )
[ − ]
, ( ) the first order deformation

theory of in
[ − ]

− , ♭ equals the first order deformation theory of ( )
[ − ]
, , hence is infinitesimally

étale. Since the closed embedding :
[ − ]

− , ♭ ↪→ ( )
[ − ]
, is both surjective and infinitesimally étale, it

is an isomorphism. Part (i) is proved.

For part (ii), we define ♭ as the orthogonal complement of ˘ ⊂ . Then ♭ inherits from the

hermitian form ♭, the action ♭, and the -linear operator ♭. By assumption, the hermitian space ♭

is split. One can rewrite (7.2.5) as

( )
[ − ]
, ( ) =

{
♭ ⊂ ♭ | = ♭ ⊕ ⟨ ⟩ ∈ [ − ]

, ( )
}
.

The relation
≤
⊆ ( + ( )) implies the relation ♭

≤
⊆ ( ♭ + ( ♭)).

Since ♭ is split, by [31, Lem. 3.3], we deduce that ♭ = ( ♭+ ( ♭)), i.e., ♭ = ( ♭). Hence = ( ).

This implies that ( )
[ − ]
, ( ) = (

[ − ]
, )( ), and hence is in bijection with the set of almost -modular

lattices ⊂ containing , see §5.3.
Recall that := − . Therefore, = ( ) implies that = ⊂ . Equivalently, the Hodge

filtration [
( ) ⊂ ( )

]
=
[

/ ⊂ /
]
=
[

/ ⊂ /
]
,

defines the worst point ∗ of the local model
[ − ]

. By Theorem 7.2.8(ii), the worst point ∗ ∈ ( )
[ − ]
,

has trivial deformation for any first order infinitesimal thickening. Therefore, by Grothendieck-Messing,

each point in ( )
[ − ]
, ( ) has trivial deformation theory. This proves that the special cycle ( )

[ − ]
, is

a disjoint union of discrete geometric points. □

8. AT conjecture of type ( , )

Let = be even. Let ≤ ≤ be even. We fix an aligned triple of framing objects ( , , ) =

(
[ ]
♭ ,

[ ]
, ) of dimension + and type , with corresponding embedding of RZ spaces

[ ]

, ♭ =
[ ]

↪→
[ ]
+ =

[ ]
+ , , cf. (6.2.1). We also fix an isogeny [ ] → [ ] as in §5.5 and extend this in the obvious

way to an isogeny [ ] → [ ]. Note that the existence of this isogeny forces ♭ = (otherwise [ ] is

not defined). This defines embeddings of RZ spaces
[ ]

↪→ [ ]
+ and

[ , ]
↪→ [ , ]

+ , cf. §6.2. We will

formulate AT conjectures for cycles on
[ ]× [ ],

+ , by using the exceptional special divisor
[ ]

on
[ ]
+ .
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We also use the notation = ( ) and ♭ = ( ) so that ∈ and ♭ = ⟨ ⟩⊥. We denote by

the hermitian space of dimension + with opposite Hasse invariant of , and fix a vector ∈ of

the same length as and set ♭ = ⟨ ⟩⊥. Then ♭ has the opposite Hasse invariant of ♭ . We therefore

depart from the conventions in §2 and §3, where and ♭ denoted split spaces and and ♭ non-split

spaces.

8.1. The naive version. We will use correspondences to obtain cycles on the product space
[ ]× [ ]

+ .

Here the adjective naive refers to the fact that this product space is not always regular. For simplicity

we use a product of two correspondences one of which is trivial, i.e., the identity. There are two ways to

do so. The first one is to use the correspondence
[ , ]

on the smaller space

[ , ] × [ ]
+

''ww

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

(8.1.1)

The second one is to use the correspondence
[ , ]
+ on the bigger space,

[ ] × [ , ]
+

&&xx

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

(8.1.2)

The first one leads us (by taking fiber products) to the following diagram

[ , ]

!!}} ((
[ ] [ ] � � // [ ]

+ .

Indeed, we complete the left oblique arrow in (8.1.1) to a fiber square. Then the new vertex can be

identified with
[ , ]

(Proposition 6.2.2), compatibly with its projection to
[ ]
. The composition of the

map to
[ , ] × [ ]

+ with the projection to the right factor yields .

The second one leads us to define ̂[ ]
by the cartesian square in the following diagram,

̂[ ]

□
~~

� � //

((

[ , ]
+

""}}

[ ] � � // [ ]
+

[ ]
+ .

Lemma 8.1.1. The morphism ( , ) : ̂[ ] → [ ] × [ ]
+ is a closed immersion.

Proof. Indeed, ̂[ ]
is the closed formal subscheme of

[ ] × [ ]
+ parameterizing pairs ( [ ], [ ]) ∈

[ ] × [ ]
+ ( ) such that the quasi-isogeny −

[ ] ◦ ◦ ( [ ] × ) lifts to an isogeny [ ] × → [ ] over
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,
[ ] ×

[ ]×
��

// [ ]

[ ]

��

[ ] × // [ ]

Here is the special fiber of . □

There is a natural morphism which is a closed embedding,

[ , ] −→ ̂[ ]

Theorem 8.1.2. There is an equality of closed formal subschemes of
[ ] × [ ]

+̂[ ]
=

[ , ]
.

Proof. Indeed, we have a cartesian diagram

̂[ ] //

��

□

[ , ]
+

��

( )[ ] // [ ]
+ .

By Theorem 6.1.2, we may identify ( )[ ] with
[ ]

, ♭ =
[ ]
. Now we apply Proposition 6.2.2. □

Corollary 8.1.3. ̂[ ]
is flat. □

This set-up leads one to consider the intersection of ̂[ ]
with its translate under an automorphism of

[ ] × [ ]
+ . However, the product space

[ ] × [ ]
+ is not regular in general and, therefore, it seems

impossible to deduce a finite intersection number in this way. In general, we bypass this problem by

passing to
[ ]× [ ],

+ . However, there is one case, in which this product space is regular, and we consider

this case in the next subsection.

8.2. The exotic case = . In this subsection, we consider the case = . Here we have regularity

without passing to the splitting model. Namely, in the case = , the formal scheme
[ ]
+ is formally

smooth (exotic smoothness). In this case, we have the AT conjecture in [31], which we recall briefly.

The RZ spaces
[ ]

and
[ ]
+ are both smooth (exotic smoothness). There is a natural closed im-

mersion5
[ ]

↪→ [ ]
+ , cf. [31, Lem. 4.2], comp. Lemma 6.1.3. Note that here ( [ ]) is uniquely

determined, since
[ ]

is only defined for ( [ ]) = . Consider its graph

:
[ ] � � // [ ] × [ ]

+ .

We define the arithmetic intersection number〈
[ ]
,

[ ]
〉

[ ]× [ ]
+

:= (
[ ] × [ ]

+ ,
[ ] ∩ [ ]

),

which is a finite number when ∈ ( ) is regular semisimple, cf. [31, Remark 4.5]. Recall that

= ( ) and ♭ = ( ).

5Note that the meaning of
[ ]

+
in [31] is different: due to the spin condition imposed in [31, §3], the space in loc. cit.

is an open subscheme of our RZ space; it is, however, large enough to contain the image of
[ ]

.
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Let ♭ be a vertex lattice of type in ♭ . Denote its stabilizer by
[ ]
. We normalize the Haar measure

such that (
[ ]
) = . Fix a special vector of unit norm in , and let = ♭ k ⟨ ⟩ ∈ ( ).

Denote by
[ ]
+ the stabilizer of .

Conjecture 8.2.1 ([31], Conj. 5.6). Let = be even.

(i) There exists ′ ∈ ( ′) with transfer ( [ ]× [ ]
+

, ) ∈ ( ) × ( ) such that, if ∈ ′( )

is matched with ∈ ( ) , then〈
[ ]
,

[ ]
〉

[ ]× [ ]
+

· = − ∂
(

, ′).
(ii) For any ′ ∈ ( ′) transferring to ( [ ]× [ ]

+

, ) ∈ ( ) × ( ), there exists ′ ∈ ( ′)

such that, if ∈ ′( ) is matched with ∈ ( ) , then〈
[ ]
,

[ ]
〉

[ ]× [ ]
+

· = − ∂
(

, ′)− (
, ′ ).

8.3. Lattice models. Now let us return to the case of general . To get the test functions corresponding

to the intersection problems, we now follow [21, §9.1].
Let ♭ be the lattice of type in ♭ . Note that since ♭ is defined to be the hermitian space opposite

to ♭ = ( ), which has Hasse invariant − , the hermitian space ♭ is split and hence does contain

-modular lattices. Fix a special vector of unit norm in , and let = ♭ k ⟨ ⟩ ∈ ( ). Denote
[ ]
+ (resp.

[ ]
) the stabilizer of (resp. ♭ ). We also fix a lattice ∈ ( ) such that ⊂ . Then

the unit normed vector belongs to and hence ⟨ ⟩ is a direct summand of with its orthogonal

complement denoted by ♭. Denote by
[ ]
+ (resp

[ ]
) the stabilizer of (resp. ♭). Denote by

[ , ]
+

(resp
[ , ]

) the stabilizer of the chain ⊂ (resp. ♭ ⊂ ♭).

We have the lattice models for the spaces defined earlier: for a hermitian space of dimension , let
[ ]( ) be the space of vertex lattices of type in , and let [ , ]( ) be the space of pairs of vertex

lattices of type , resp. , which are included one in the other. In our situation, we have two hermitian

spaces ♭ of dimension and = ♭ ⊕ ⟨ ⟩ of dimension + , and let
[ , ]

= [ , ]( ♭ ) and
[ , ]
+ = [ , ]( ). Besides

[ , ]
, we consider the cartesian product

̂[ ]

□
��

� � // [ , ]
+

��

[ ] � � // [ ]
+ .

Again, there are two ways to obtain cycles on the product space
[ ] × [ ]

+ , using correspondences.

The first one is to use a correspondence
[ , ]

on the smaller space

[ , ] × [ ]
+

''ww

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .



RAMIFIED SPLITTING ARITHMETIC TRANSFER CONJECTURES 45

The second one is to use a correspondence
[ , ]
+ on the bigger space

[ ] × [ , ]
+

&&xx

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

We obtain embeddings

[ , ] � � // [ ] × [ ]
+

and ̂[ ] � � // [ ] × [ ]
+ .

We thus have two intersection problems in the ambient space
[ ] × [ ]

+ , namely

#(
[ , ] ∩ [ , ]

), #(̂[ ] ∩ ̂[ ]
),

where is regular semisimple in ( ♭ )× ( ).

For the first one, we have the Hecke correspondence consisting of the triples ( ♭, ♭ , ′♭) ∈ [ ] ×
[ ] × [ ]

such that ♭ ⊂ ♭ ∩ ′♭. In other words, is the composition of the obvious correspondence

with its transpose

""||

[ , ]

!!}}

[ , ]

!!}}
[ ] [ ] [ ]

Associated to the correspondence is the bi-
[ ]
-invariant Hecke function (cf. [20, §4.1],

[ , ]
:= (

[ ]
)− [ ] [ ] ∗ [ ] [ ] . (8.3.1)

Due to the volume factor, the function is independent of the choice of Haar measure used to define the

convolution. We form the cartesian product
[ , ]

( ),

[ , ]
( )

��

// × [ ]
+

��

[ ] × [ ] ( , )
// (

[ ] × [ ]
+ )× (

[ ] × [ ]
+ ).

Similarly to [21, Lem. 9.1.3], we have an interpretation of orbital integrals in terms of lattice counting,

( , (
[ ]
)−

[ , ] ⊗ [ ]
+

) = #
[ , ]

( ) = #(
[ , ] ∩ [ , ]

).

Note that the orbital integral on the product of unitary groups depends on the choice of a Haar measure;

but the factor (
[ ]
)− in our formula above makes the orbital integral independent of such a choice.

Analogously, we define the bi-
[ ]
+ -invariant Hecke function

[ , ]
+ := (

[ ]
+ )− [ ]

+
[ ]
+

∗ [ ]
+

[ ]
+

, (8.3.2)
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where in the definition of convolution we normalize the Haar measure such that (
[ ]
+ ) = . Then we

have an interpretation of the second intersection problem,

( , (
[ ]
)− [ ] ⊗ [ , ]

+ ) = #(̂[ ] ∩ ̂[ ]
).

Lemma 8.3.1. Let ≤ ≤ be even.

(i) We have ̂[ ]
=

[ , ]
(viewed as subsets in

[ ] × [ ]
+ ).

(ii) We have
[ ]
+

[ ]
+ =

[ ] [ ]
+ .

(iii) We have

(
[ , ]

)− [ ] ⊗ [ ]
+

∼ (
[ ]
)−

[ , ] ⊗ [ ]
+

∼ (
[ ]
)− [ ] ⊗ [ , ]

+ .

∼ means that and have identical regular semi-simple orbital integrals.

Proof. Part (i). Write the cartesian product explicitly:

̂[ ]
= {( ♭, , ) ∈ ( ♭)× ( )× ( ) | = ♭ ⊕ ⟨ ⟩ ⊂ }.

But then = ♭ ⊕ ⟨ ⟩ with ♭ ⊂ ♭ . Hence

̂[ ]
=

[ , ]

and part (i) is proved.

Part (ii). Clearly we have
[ ]
+

[ ]
+ ⊃ [ ] [ ]

+ . It suffices to show both have the same number of

right
[ ]
+ -cosets. We have natural bijections

[ ]
+

[ ]
+ /

[ ]
+ ≃ [ ]

+ /
[ , ]
+ ,

and
[ ] [ ]

+ /
[ ]
+ ≃ [ ]

/
[ , ]

where we note that
[ ] ∩ [ ]

+ =
[ , ]

under our choice of lattices used to define these compact open

subgroups. Now note that
[ ]
+ /

[ , ]
+ is bijective to the set of lattices in of type containing a

fixed lattice of type , which is bijective to the set of isotropic subspaces of dimension − in ∨/

with the induced symplectic pairing. Similarly
[ ]
/

[ , ]
is bijective to the set of isotropic subspaces of

dimension − in ∨/ . But we have ∨/ ≃ ∨/ since = ♭ k ⟨ ⟩ with a unit norm vector.

Part (iii). We follow the proof of [21, Lem. 9.1.2]. We recall from [21, (9.1.4)]

( , ) = ( , ( ) ∗ ∗ ( )), = ( )− ( ), (8.3.3)

for any compact open subgroup of ( ♭ ). We apply this to = [ ] ⊗ [ ]
+

and =
[ ]
. By the

bi-
[ ]
-invariance of [ ]

+

we obtain

(
[ ]

)
∗ ( [ ] ⊗ [ ]

+

) ∗
(

[ ]
)

=( [ ] ∗ [ ] ∗ [ ])⊗ [ ]
+

=( (
[ ]
)− [ ] ∗ [ ] ∗ [ ] ∗ [ ])⊗ [ ]

+

= (
[ ]
)− (

[ ]
)− (

[ , ]
) [ ] [ ] ∗ [ ] [ ] ⊗ [ ]

+

= (
[ , ]

) (
[ ]
)−

[ , ] ⊗ [ ]
+

.
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This proves that (
[ , ]

)− [ ] ⊗ [ ]
+

∼ (
[ ]
)−

[ , ] ⊗ [ ]
+

.

Next we apply (8.3.3) to = [ ] ⊗ [ ]
+

and =
[ ]
:

(
[ ]

)
∗ ( [ ] ⊗ [ ]

+

) ∗
(

[ ]
)

= [ ] ⊗ ( [ ] ∗ [ ]
+

∗ [ ])

= [ ] ⊗ ( (
[ ]
)− (

[ , ]
) (

[ ]
+ )− [ ] [ ]

+

∗ [ ]
+

[ ]).

Here, for ∈ ( ( ♭)), ∈ ( ( )), the convolution ∗ is defined as the function on ( ) given by

( ∗ )( ) =

∫
∈ ( ♭)

( ) ( − ) .

By part (ii) we rewrite it as

(
[ ]

)
∗ ( [ ] ⊗ [ ]

+

) ∗
(

[ ]
)

= [ ] ⊗ ( (
[ ]
)− (

[ , ]
) (

[ ]
+ )− [ ]

+
[ ]
+

∗ [ ]
+

[ ]
+

)

= [ ] ⊗ ( (
[ ]
)− (

[ , ]
)

[ , ]
+ ).

This proves that (
[ , ]

)− [ ] ⊗ [ ]
+

∼ (
[ ]
)− [ ] ⊗ [ , ]

+ . □

8.4. Intersection numbers on the splitting model for ≤ ≤ . Let ̂[ ],
be the flat closure of

the base change of ̂[ ]
along the morphism

[ ] × [ ],
+ → [ ] × [ ]

+ . Then ̂[ ],
is a closed formal

subscheme of
[ ]× [ ],

+ , flat over ˘ of relative dimension − . We have the commutative diagram

̂[ ], //

��

[ ] × [ ],
+

��̂[ ] // [ ] × [ ]
+ .

(8.4.1)

Since
[ ],
+ is regular and

[ ]
is formally smooth over ˘, we know that the product

[ ] × [ ],
+ is

regular. Hence it makes sense to define arithmetic intersection numbers of closed formal subschemes of

the ambient space
[ ] × [ ],

+ ,〈̂[ ],
, ̂[ ],

〉
[ ]× [ ],

+

:= (
[ ] × [ ],

+ , ̂[ ], ∩ ̂[ ],
),

where ∈ ( ♭ )( )× ( )( ). The arithmetic intersection number is finite as long as ̂[ ], ∩ ̂[ ],

is a proper scheme over ˘, which is the case if is regular semisimple by the standard argument, cf.

[26, proof of Lem. 6.1].

8.5. The AT conjecture ≤ ≤ . The considerations on lattice models lead us (by following the

heuristic principles of [21, §9.1]) to state the following conjecture.

Conjecture 8.5.1. Let = be even, and ≤ ≤ even. There exists ′ ∈ ( ′) with transfer

( (
[ , ]

)− [ ]× [ ]
+

, ) ∈ ( ) × ( ) such that, if ∈ ′( ) is matched with ∈ ( ) ,

then 〈̂[ ],
, ̂[ ],

〉
[ ]× [ ],

+

· = − ∂
(

, ′).
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Remark 8.5.2. By Lemma 8.3.1 part (iii), one could replace the function (
[ , ]

)− [ ]× [ ]
+

by either

of the other two.

8.6. Relation of two versions when = . The map
[ ],
+ → [ ]

+ is a blow-up morphism and

hence the two horizontal maps in (8.4.1) are genuinely different.

Proposition 8.6.1. Conjecture 8.2.1 is equivalent to Conjecture 8.5.1 in the case = .

Proof. The embedding
[ ]

↪→ [ ]
+ factors through

[ ]
+ \ (

[ ]
+ ), comp. [31, Lem. 4.2]. Hence the

support of the intersection ̂[ ] ∩ ̂[ ]
is away from the worst points. Hence we get〈̂[ ]

, ̂[ ]
〉

[ ]× [ ]
+

=
〈̂[ ]

, ̂[ ],
〉

[ ], × [ ],
+

,

since the map
[ ],
+ → [ ]

+ is an isomorphism away from the worst points. □

Remark 8.6.2. We cannot make a graph version AT conjecture in this case, since the space ̂[ ], × [ ],
+

is not regular. In general, the diagonal embedding of regular (even semi-stable) schemes is not locally

complete intersection.

9. AT conjecture of type ( − , )

Let = + be odd. Let ≤ ≤ + be even. There are two versions now: one for an

exceptional special -divisor on
[ − ]
+ , , and one for an exceptional special -divisor on

[ + ]
+ , . Both

lead to an intersection product on
[ − ] × [ ],

+ .

When ≤ − , we fix an aligned triple of framing objects ( , , ) = (
[ ]
♭ ,

[ ]
, ) of dimension

+ and type , with corresponding embedding of RZ spaces
[ ]

, ♭ =
[ ]

↪→ [ ]
+ =

[ ]
+ , , cf.

§6.2. We also fix an isogeny [ − ] → [ ] as in §5.5, and extend this in the obvious way to an isogeny
[ − ] → [ ]. This defines embeddings of RZ spaces

[ − ]
↪→ [ − ]

+ and
[ − , ]

↪→ [ − , ]
+ , cf. §6.2.

We will formulate an AT conjecture for cycles on
[ − ]× [ ],

+ , by using the exceptional special divisor
[ − ]

on
[ − ]
+ .

We again use the notation = ( ) and ♭ = ( ), so that ∈ and ♭ = ⟨ ⟩⊥. We denote by

the hermitian space of dimension + with opposite Hasse invariant of , and fix a vector ∈
of the same length as and set ♭ = ⟨ ⟩⊥. Then ♭ has the opposite Hasse invariant of ♭ .

9.1. The naive version via -divisors. Let ≤ ≤ − . Similarly to §8, there are two ways to

use correspondences to obtain natural cycles on the ambient space
[ − ]× [ ]

+ . The first one is to use

a correspondence
[ − , ]

on the smaller space

[ − , ] × [ ]
+

((ww

[ ] � � // [ ] × [ ]
+

[ − ] × [ ]
+ .
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The second one is to use a correspondence
[ − , ]
+ on the bigger space

[ − ] × [ − , ]
+

((vv

[ − ] � � // [ − ] × [ − ]
+

[ − ] × [ ]
+ .

(9.1.1)

The first leads to the small correspondence,

[ − , ]

""{{
((

[ − ] [ ] � � // [ ]
+ .

The second leads to the big correspondence,

̂[ ]

□
||

� � //

))

[ − , ]
+

##{{

[ − ] � � // [ − ]
+

[ ]
+ .

(9.1.2)

Lemma 9.1.1. The morphism ( , ) : ̂[ ] → [ − ] × [ ]
+ is a closed embedding.

Proof. Indeed, ̂[ ]
is the closed formal subscheme of

[ − ]× [ ]
+ parameterizing pairs ( [ − ], [ ]) such

that the quasi-isogeny −
[ ]◦ ◦(

[ − ]× ) lifts to an isogeny [ − ]× → [ ]. Here : [ − ]× → [ ]

is the isogeny between framing objects. □

There is a natural morphism which is a closed embedding,

[ − , ]
↪→ ̂[ ]

.

Theorem 9.1.2. Let ≤ ≤ − . There is an equality of closed formal subschemes of
[ − ]× [ ]

+ ,

̂[ ]
=

[ , − ]
.

Proof. Indeed, we have a cartesian diagram

̂[ ] //

��

□

[ , − ]
+

��

( )[ − ] // [ − ]
+ .

By Theorem 6.1.3, we may identify ( )[ − ] with
[ − ]

. Now we apply Proposition 6.2.2. □

Corollary 9.1.3. The space ̂[ ]
is flat. □
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9.2. Lattice models for the -divisors. We continue to assume ≤ − . Let ♭ be the lattice of type

− in ♭ . Fix a special vector ∈ of the same unit norm as . Then = ♭ k ⟨ ⟩ ∈ − ( ).

Denote by
[ ]
+ (resp.

[ − ]
) the stabilizer of (resp. ♭ ). We also fix a lattice ∈ ( ) such that

⊂ . Then ∈ and hence = ♭ k ⟨ ⟩ for a lattice ♭ ∈ ( ). Denote by
[ ]
+ (resp.

[ ]
)

the stabilizer of (resp. ♭).

We have the lattice models for the RZ spaces defined earlier, similarly to §8.3. There are again two

ways to define intersection problems: the first one uses the correspondence
[ − , ]

[ − , ] × [ ]
+

((ww

[ ] � � // [ ] × [ ]
+

[ − ] × [ ]
+ .

The second one is to use the correspondence
[ − , ]
+

[ − ] × [ − , ]
+

((vv

[ − ] � � // [ − ] × [ − ]
+

[ − ] × [ ]
+ .

The first one leads to
[ , − ]

, considered as a subset of
[ ] × [ ]

+ ; the second leads to the cartesian

product ̂[ ]

□
��

� � // [ − , ]
+

��

[ − ] � � // [ − ]
+ .

The argument in §8.3 applies verbatim and we only record the test functions and results and omit the

details of the proof. We introduce the bi-
[ ]
-invariant Hecke function,

[ , − ]
:= (

[ − ]
)− [ ] [ − ] ∗ [ − ] [ ] . (9.2.1)

Then we have

( , (
[ ]
)−

[ , − ] ⊗ [ ]
+

) = #(
[ − , ] ∩ [ − , ]

).

We define the bi-
[ − ]
+ -invariant Hecke function

[ − , ]
+ := (

[ ]
+ )− [ − ]

+
[ ]
+

∗ [ ]
+

[ − ]
+

and we obtain

( , (
[ − ]

)− [ − ] ⊗ [ − , ]
+ ) = #(̂[ ] ∩ ̂[ ]

).

Lemma 9.2.1. Let ≤ ≤ − be even.

(i) ̂[ ]
=

[ , − ]
(viewed as subsets in

[ ] × [ ]
+ ).

(ii)
[ − ] [ ]

+ =
[ − ]
+

[ ]
+ .

(iii) (
[ − , ]

)− [ − ] ⊗ [ ]
+

∼ (
[ ]
)−

[ , − ] ⊗ [ ]
+

∼ (
[ − ]

)− [ − ] ⊗ [ − , ]
+ .



RAMIFIED SPLITTING ARITHMETIC TRANSFER CONJECTURES 51

Proof. The proof of Lemma 8.3.1 still applies and we only sketch the proof of part (iii). By the bi-
[ ]
-

invariance of [ ]
+

and (8.3.3) we have

[ − ] ⊗ [ ]
+

∼( [ ] ∗ [ − ] ∗ [ ])⊗ [ ]
+

=( (
[ ]
)− (

[ , − ]
)

[ , − ] ⊗ [ ]
+

.

Similarly, by the bi-
[ − ]

-invariance of [ − ] and (8.3.3) we have

[ − ] ⊗ [ ]
+

∼ [ − ] ⊗ ( [ − ] ∗ [ ]
+

∗ [ − ])

=( (
[ − ]

)− (
[ , − ]

) [ − ] ⊗ [ − , ]
+ . □

9.3. Intersection numbers on the splitting model for -divisors. We continue to assume ≤
≤ − . Let ̂[ ],

=
[ , − ],

be the flat closure of the base change of ̂[ ]
=

[ , − ]
along the

morphism
[ − ] × [ ],

+ , →
[ − ] × [ ]

+ , . Then ̂[ ],
=

[ , − ],
is a closed formal subscheme of

[ − ] × [ ],
+ , , flat over ˘ of relative dimension − . We have the commutative diagram

̂[ ], � � //

��

[ − ] × [ ],
+

��̂[ ] � � // [ − ] × [ ]
+ .

Now the product
[ − ] × [ ],

+ , is regular since
[ − ]

is formally smooth over ˘ and
[ ],
+ , is

regular. We form the arithmetic intersection numbers〈̂[ ],
, ̂[ ],

〉
[ − ]× [ ],

+ ,

:= (
[ − ] × [ ],

+ , , ̂[ ], ∩ ̂[ ],
), (9.3.1)

for regular semisimple ∈ ( ).

9.4. The AT conjecture via -divisors. We now come to the AT conjecture.

Conjecture 9.4.1. Let = + be odd, and let be even with ≤ ≤ − . There exists
′ ∈ ( ′) with transfer ( (

[ − , ]
)− [ − ]× [ ]

+

, ) ∈ ( )× ( ) such that, if ∈ ′( ) is

matched with ∈ ( ) , then〈̂[ ],
, ̂[ ],

〉
[ − ]× [ ],

+ ,

· = − ∂
(

, ′).
Remark 9.4.2. By Lemma 9.2.1 part (iii), one could replace the function (

[ − , ]
)− [ − ]× [ ]

+

by

either of the other two.

9.5. The exotic case = + . When = + , we do not have an aligned triple of type + .

Still, we may formally extrapolate the previous definitions to the case = + . For this we fix an

aligned triple ( , , ) of dimension + and type − . This defines an embedding of RZ spaces
[ − ]

, ♭ ↪→ [ − ]
+ , . We can form the analogue of the “big diagram” (9.1.2). Note, however, that the space
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[ + ]
+ is only defined when (

[ + ]
+ ) = , which we assume in this subsection. Define

[ − ],◦
by the

cartesian product

[ − ],◦

□
��

� � // [ − , + ]
+

��

[ − ] � � // [ − ]
+ ,

(9.5.1)

comp. Theorem 6.1.4. Then
[ − ],◦

is the disjoint union of two copies of
[ − ]

, cf. [32, Prop. 6.4]. It

is the analogue of ̂[ ]
in this context. Note that

[ + ]
+ =

[ + ],
+ (recall that

[ + ]
+ does not contain

worst points, cf. §5.3). Hence
[ − ],◦

is equal to the splitting cycle in this context. This leads us to

consider the intersection number which is the analogue of (9.3.1) in this context,〈
[ − ],◦

,
[ − ],◦

〉
[ − ]× [ + ]

+

= (
[ − ] × [ + ]

+ ,
[ − ],◦ ∩ [ − ],◦

). (9.5.2)

But this intersection number coincides precisely with the one occurring in [32, §12], and the analogue of

Conjecture 9.4.1 is identical to the conjecture in [32, §12]. We will encounter the conjecture of [32] again

in the context of -divisors (when = + (Remark 9.10.3)). A closely related conjecture arises in the

context of -divisors (ATC of type ( − , + ) in the sense of §11.3, comp. §11.6.

9.6. The naive version via the -divisor. In (9.1.1) we used the graph of the embedding exhibiting an

exceptional -divisor as an RZ space. We can replace it by the graph of an embedding of an exceptional

-divisor, namely
[ − ],◦

↪→ [ + ]
+ . We fix an aligned triple ( , , ) of dimension + and type − .

We also assume = so that
[ + ]
+ is defined. We have the following correspondence

[ − ],◦ × [ + , ]
+

((vv

[ − ],◦ � � // [ − ],◦ × [ + ]
+

[ − ],◦ × [ ]
+ .

(9.6.1)

Then we are led to define ˜[ ]
as the fiber product

˜[ ] � � //� � //

��
□

[ + , ]
+

��

[ − ],◦ � � // [ + ]
+ .

(9.6.2)

Conjecture 9.6.1. ˜[ ]
is flat.

Lemma 9.6.2. The natural map, given by the left vertical arrow in (9.6.2) and the upper horizontal

map in (9.6.2) composed with the projection map
[ + , ]
+ → [ + ]

+ ,

˜[ ] → [ − ],◦ × [ ]
+

is a closed immersion.
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Proof. By (9.6.1), the space
[ − ],◦

is the closed sublocus of ( [ − ], [ + ]) ∈ [ − ]× [ + ]
+ where the

quasi-isogeny ( [ − ]× )− ◦ + ◦ [ + ] over the special fiber lifts to an isogeny [ + ] → [ − ]× :

[ + ]

[ + ]

��

// [ − ] ×

[ − ]×
��

[ + ] +
// [ − ] × .

By (9.6.2), the space ˜[ ]
is the closed sublocus of ( [ − ], [ + ], [ ]) ∈ [ − ]× [ + ]

+ × [ ]
+ where

the quasi-isogenies ( [ − ] × )− ◦ + ◦ [ + ] and −
[ ] ◦ − ◦ + ◦ [ + ] over the special fiber

lift to isogenies [ + ] → [ − ] × and [ + ] → [ ]:

[ + ]

[ + ]

��

// [ − ] ×

[ − ]×
��

// [ ]

[ ]

��

[ + ] +
// [ − ] × −

// [ ]

By description, we have closed embedddings

˜[ ]
↪→ [ − ],◦ × [ ]

+ ↪→ [ − ] × [ + ]
+ × [ ]

+ .

□

Note that there is a non-trivial involution acting on
[ − ],◦

, induced by an involution ˜ on [ − , + ]
+ .

Indeed,
[ − , + ]
+ is the parameter space of tuples ( , , , , ′, ′, ′, ) where : ′ → lifts the given

quasi-isogeny ′ → . However, as shown in [32, Thm. 9.3], given ( , , , ) ∈ [ − ]
+ , there are exactly

two ways to complete it into an object of
[ − , + ]
+ . The involution ˜ by definition interchanges these

two possibilities. The involution commutes with the action of ( ♭ )( ). Using the involution ( , )

on the product
[ − ],◦ × [ ]

+ , we obtain another cycle ( , )˜[ ]
.

There is a closely related construction. Since
[ − ],◦

itself may be viewed as built from
[ − ]

via

a correspondence (9.5.1), we may interpret the above as a composition of two correspondences. More

precisely, we consider the -divisor embedding
[ − ] → [ − ]

+ , and its graph
[ − ] → [ − ] × [ − ]

+ .

We then apply the composition of the following two correspondences:

[ − ] × [ − , + ]
+

((vv

[ − ] × [ + , ]
+

''vv
[ − ] × [ − ]

+
[ − ] × [ + ]

+
[ − ] × [ ]

+ .

(9.6.3)

The resulting cycle is again ˜[ ]
mapping naturally to

[ − ]× [ ]
+ (not necessarily by an embedding).

These two versions are related in the following way. Let us denote by the same symbol the cycle in
[ − ] × [ ]

+ arising by push-forward of the cycle ˜[ ]
along the étale double covering

:
[ − ],◦ × [ ]

+ −→ [ − ] × [ ]
+ .

Note that the morphism is compatible with the action of ( ). It follows that we can recover the

pull-back cycle on
[ − ],◦ × [ ]

+ with the help of the involution,

− (˜[ ]
) = ˜[ ] ⨿ ( , )˜[ ]

.
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Moreover, since
[ − ],◦ → [ − ]

is a trivial double covering, we may write
[ − ],◦

=
[ − ],+∐ [ − ],−

as a disjoint union, where each of
[ − ],±

maps isomorphically to
[ − ]

.

Via the map ˜[ ] → [ − ],◦
, we have an induced decomposition˜[ ]

= ˜[ ],+ ⨿ ˜[ ],−
.

Then the natural maps ˜[ ],± → [ − ],◦× [ ]
+ and ˜[ ],± → [ − ]× [ ]

+ are both closed immersions.

We have on
[ − ],◦ × [ ]

+ ,

( , )˜[ ],±
= ˜[ ],∓

and
− (˜[ ],±

) = ˜[ ],± ⨿ ( , )˜[ ],±
.

Note, however, that the names given to each summand of ˜[ ]
is not canonical. It will turn out that for

intersection numbers this non-canonicality plays no role.

9.7. Lattice model for the -divisor. We continue from §9.2 to let ♭ be a vertex lattice of type

− in ♭ with stabilizer
[ − ]

. Let
[ − ],◦

be the index two subgroup of
[ − ]

, being the kernel of

the map :
[ − ] → ( ) = {± }. Fix a special vector of the same unit norm as . Then

= ♭ k ⟨ ⟩ ∈ − ( ). We assume that is the split hermitian space. There are exactly two

vertex lattices of type + contained in , see [32, §9] or Lemma 9.7.2 below; we fix one of them,

called . The choice of will play no role, see Remark 9.7.3 below. We fix a lattice [ ] ∈ ( ) such

that [ ] ⊃ . Denote by
[ + ]
+ (resp.

[ ]
+ ) the stabilizer of (resp. [ ]), and by

[ − ]
+ the stabilizer

of . Let
[ − , + ]
+ =

[ − ]
+ ∩ [ + ]

+ be the stabilizer of the lattice chain ⊂ .

We now consider the lattice models of the RZ spaces. We have the following cartesian diagrams: one

analogous to (9.5.1),

[ − ],◦

□

//

��

[ − , + ]
+

��

[ − ] // [ − ]
+

(9.7.1)

and the other one analogous to (9.6.2)

˜[ ]

□

//

��

[ + , ]
+

��

[ − ],◦ // [ + ]
+

(9.7.2)

More explicitly we have˜[ ]
= {( ♭, , [ ]) ∈ − ( ♭ )× + ( )× ( ) | ♭ k ⟨ ⟩ ⊃ ⊂ [ ]}.

Remark 9.7.1. In general the set ˜[ ]
is not an RZ space, in the sense that the action of = ♭ is not

transitive. To see this, we first note that the action on the set of pairs ( ♭, ) ∈ − ( ♭ ) × + ( )

such that ♭ k ⟨ ⟩ ⊃ is transitive. Fix such a pair ( ♭, ). Its stabilizer is
[ − ],◦

, a subgroup of

index two of the stabilizer
[ − ]

of ♭. Then the set of [ ] ∈ ( ) such that ⊂ [ ] is bijective to

the set of isotropic subspaces of dimension + − in = ∨/ . Let denote the reduction of in

. By Witt’s theorem there are several orbits under
[ − ],◦

, characterized as follows: (1) ∈ (this

case does not arise if = + ), (2) /∈ and ⊥ , (3) /∈ and is not perpendicular to .
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Note that when = + we have ˜[ + ]
=

[ − ],◦
. We have the lattice model of (9.6.1)

[ − ],◦ × [ + , ]
+

((vv

[ − ],◦ � � // [ − ],◦ × [ + ]
+

[ − ],◦ × [ ]
+

We introduce the bi-
[ + ]
+ -invariant Hecke function

[ + , ]
+ := (

[ ]
+ )− [ + ]

+
[ ]
+

∗ [ ]
+

[ + ]
+

. (9.7.3)

Then we have

( , (
[ − ],◦

)− [ − ],◦ ⊗ [ + , ]
+ ) = #(˜[ ] ∩ ˜[ ]

) [ − ],◦× [ ]
+

.

There is an involution :
[ − ],◦ → [ − ],◦

over
[ − ]

and we can form intersection numbers of two

different cycles (interchanged by the involution):

( , (
[ − ],◦

)− [ − ],◦ ⊗ [ + , ]
+ ) = #(( , )˜[ ] ∩ ˜[ ]

) [ − ],◦× [ ]
+

where is any element in
[ − ] \ [ − ],◦

(see also Remark 9.7.3). We may push-forward the cycle ˜[ ]

along the étale double covering map :
[ − ],◦ → [ − ]

down to
[ − ] × [ ]

+ , still denoted by ˜[ ]
.

Then the projection formula shows that the intersection number is then the sum of the two above, hence

( , (
[ − ],◦

)− [ − ] ⊗ [ + , ]
+ ) = #(˜[ ] ∩ ˜[ ]

) [ − ]× [ ]
+

.

There is an alternative interpretation of the last one, namely via the lattice model of (9.6.3), involving

a composition of two correspondences on the larger space:

[ − ] × [ − , + ]
+

((vv

[ − ] × [ + , ]
+

vv ''

[ − ] × [ − ]
+

[ − ] × [ + ]
+

[ − ] × [ ]
+

Correspondingly we define the Hecke function

[ − , + , ]
+ := (

[ ]
+ )− (

[ + ]
+ )− [ − ]

+
[ + ]
+

∗ [ + ]
+

[ ]
+

∗ [ ]
+

[ + ]
+

∗ [ + ]
+

[ − ]
+

and we have

( , (
[ − ]

)− [ − ] ⊗ [ − , + , ]
+ ) = #(˜[ ] ∩ ˜[ ]

) [ − ]× [ ]
+

.

As the following lemma part (iii) shows, the two interpretations are equivalent.

Lemma 9.7.2. (i) We have
[ − ]
+ /

[ − , + ]
+ ≃ ( ) and the composition map

[ − ] // [ − ]
+

// [ − ]
+ /

[ − , + ]
+ ≃ ( )

is surjective with kernel
[ − ],◦

.

(ii) We have
[ − ] [ + ]

+ =
[ − ]
+

[ + ]
+ .

(iii) We have

(
[ − ],◦

)− [ − ] ⊗ [ + , ]
+ ∼ (

[ − ]
)− [ − ] ⊗ [ − , + , ]

+ .
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Proof. (i) The hermitian form induces a non-degenerate split quadratic form on the -dimensional vector

space ∨/ over the residue field = /( ). Then the reduction induces a surjective homomorphism
[ − ]
+ → ( ∨/ ) = ( )( ). The two -modular lattices ± correspond to the two isotropic lines and

hence their stabilizers are the same and can be identified as ( )( ) ≃ ×, the kernel of : ( )( )→
= {± }. We summarize these facts in the following commutative diagram

[ − ]

��

[ − , + ]
+

��

// [ − ]
+

��

// [ − ]
+ /

[ − , + ]
+

��

( ) // ( ) // .

Note that the image of the vector in ∨/ is anisotropic. The image of
[ − ]

in ( ), being the

stabilizer of this vector, is therefore isomorphic to ( ) ≃ , which therefore maps onto the quotient

( )/ ( ) ≃ .

(ii) By (i),
[ − ]
+ ∩ [ + ],+

+ =
[ + , − ]
+ is an index two subgroup of

[ − ]
+ . There are exactly two

cosets in
[ − ]
+

[ + ],+
+ /

[ + ],+
+ ≃ [ − ]

+ /
[ + , − ]
+ and since by (i),

[ − ]
maps onto this last quotient,

the assertion follows.

(iii) By (ii) we have [ − ]
+

[ + ]
+

= [ − ] [ + ]
+

and hence

[ − , + , ]
+

= (
[ ]
+ )− (

[ + ]
+ )− [ − ] [ + ]

+

∗ [ + ]
+

[ ]
+

∗ [ ]
+

[ + ]
+

∗ [ + ]
+

[ − ]

= (
[ ]
+ )− (

[ + ]
+ )− (

[ − ],◦
)− [ − ] ∗ [ + ]

+

∗ [ + ]
+

[ ]
+

∗ [ ]
+

[ + ]
+

∗ [ + ]
+

∗ [ − ]

= (
[ − ],◦

)− [ − ] ∗ [ + , ]
+ ∗ [ − ]

= (
[ − ],◦

)− (
[ − ]

) ( [ − ] ∗ [ + , ]
+ ∗ [ − ]).

By the bi-
[ − ]

-invariance of [ − ] and (8.3.3) we have

[ − ] ⊗ [ + , ]
+ ∼ [ − ] ⊗ ( [ − ] ∗ [ + , ]

+ ∗ [ − ]).

It follows that (
[ − ],◦

)− [ − ] ⊗ [ + , ]
+ ∼ (

[ − ]
)− [ − ] ⊗ [ − , + , ]

+ . □

Remark 9.7.3. We comment on the (independence of the) choice of the type + lattice contained in

. Let ± be the two choices and add the superscript ± for the various groups in the lemma above. Then

for any element in
[ − ]\ [ − ],◦

we have − = + and
[ + ],+
+ =

[ + ],−
+

− ,
[ ],−
+ =

[ ],+
+

− .

Then in the function
[ + , ]
+ we have

[ + ],−
+

[ ],−
+

∗ [ ],−
+

[ + ],−
+

= [ + ],+
+

[ ],+
+

− ∗ [ ],+
+

[ + ],+
+

−

and hence
[ + , ],−
+ =

[ + , ],+
+ ◦ ( ) where ( ) denotes the conjugation by . Then we have

[ − ],◦ ⊗ [ + , ],−
+ ∼ ( [ − ],◦ ◦ ( − ))⊗ [ + , ],+

+ .



RAMIFIED SPLITTING ARITHMETIC TRANSFER CONJECTURES 57

Since
[ − ],◦

is a normal subgroup of
[ − ]

, we have [ − ],◦ ◦ ( − ) = [ − ],◦ .

9.8. Intersection numbers on the splitting model for -divisors. Recall that we defined ˜[ ]
in

(9.6.2) and that we have a closed immersion˜[ ]
↪→ [ − ],◦ × [ ]

+ .

Let ˜[ ],
be the flat closure of the base change of ˜[ ]

along the morphism
[ − ],◦ × [ ],

+ → [ − ],◦ ×
[ ]
+ . Then ˜[ ],

is a closed formal subscheme of
[ − ],◦ × [ ],

+ , flat over ˘ of relative dimension

− . If Conjecture 9.6.1 on the flatness of ˜[ ]
holds, then ˜[ ],

coincides with ˜[ ]
outside the worst

points. We have the commutative diagram

˜[ ], � � //

��

[ − ],◦ × [ ],
+

��˜[ ] � � // [ − ],◦ × [ ]
+ .

Now the product
[ − ],◦× [ ],

+ is regular since
[ − ],◦

is formally smooth over ˘ and
[ ],
+ is regular.

We define the arithmetic intersection numbers〈˜[ ],
, ˜[ ],

〉
[ − ],◦× [ ],

+

:= (
[ − ] × [ ],

+ , ˜[ ], ∩ ˜[ ],
),

for regular semisimple ∈ ( ).

9.9. Refinement in terms of ˜[ ],±
. We have a decomposition

˜[ ]
= ˜[ ],+ ⨿ ˜[ ],−

and, correspondingly, the splitting version˜[ ],
= ˜[ ],+, ⨿ ˜[ ],−,

.

We define the arithmetic intersection numbers〈˜[ ],±,
, ˜[ ],±,

〉
[ − ]× [ ],

+

:= (
[ − ] × [ ],

+ , ˜[ ],±, ∩ ˜[ ],±,
), (9.9.1)

for regular semisimple ∈ ( ).

Lemma 9.9.1. There are the following equalities of intersection numbers:

(i) 〈˜[ ],+,
, ˜[ ],+,

〉
[ − ]× [ ],

+

=
〈˜[ ],−,

, ˜[ ],−,
〉

[ − ]× [ ],
+

.

(ii) 〈˜[ ],+,
, ˜[ ],−,

〉
[ − ]× [ ],

+

=
〈˜[ ],−,

, ˜[ ],+,
〉

[ − ]× [ ],
+

.

(iii) 〈˜[ ],
, ˜[ ],

〉
[ − ],◦× [ ],

+

=
〈˜[ ],+,

, ˜[ ],+,
〉

[ − ]× [ ],
+

.

(iv) 〈
( , )˜[ ],

, ˜[ ],
〉

[ − ],◦× [ ],
+

=
〈˜[ ],+,

, ˜[ ],−,
〉

[ − ]× [ ],
+

.

Here ˜[ ],+,
means both the cycle on

[ − ],◦ × [ ],
+ and on

[ − ] × [ ],
+ .
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Proof. Note that ˜[ ],+,
= ∗˜[ ],+,

along the étale double covering map :
[ − ],◦× [ ],

+ → [ − ]×
[ ],
+ . By the projection formula and the fact that commutes with the action of ∈ ( ), we have〈˜[ ],+,

, ˜[ ],+,
〉

[ − ]× [ ],
+

=
〈˜[ ],+,

, ∗( ˜[ ],+,
)
〉

[ − ],◦× [ ],
+

=
〈˜[ ],+,

, ∗˜[ ],+,
〉

[ − ],◦× [ ],
+

=
〈˜[ ],+,

, ˜[ ],+,
〉

[ − ],◦× [ ],
+

+
〈˜[ ],+,

, ( , )˜[ ],+,
〉

[ − ],◦× [ ],
+

.

Similarly, we have〈˜[ ],−,
, ˜[ ],−,

〉
[ − ]× [ ],

+

=
〈˜[ ],−,

, ˜[ ],−,
〉

[ − ],◦× [ ],
+

+
〈˜[ ],−,

, ( , )˜[ ],−,
〉

[ − ],◦× [ ],
+

.

Finally we have 〈˜[ ],+,
, ˜[ ],+,

〉
[ − ],◦× [ ],

+

=
〈
( , )˜[ ],−,

, ( , )˜[ ],−,
〉

[ − ],◦× [ ],
+

=
〈˜[ ],−,

, ˜[ ],−,
〉

[ − ],◦× [ ],
+

,

since ( , ) ( , ) = ( , ) = . Similarly,〈˜[ ],+,
, ( , )˜[ ],−,

〉
[ − ],◦× [ ],

+

=
〈˜[ ],−,

, ( , )˜[ ],+,
〉

[ − ],◦× [ ],
+

.

This proves (i) and (ii). The remaining equalities are proved similarly. □

Remark 9.9.2. The identities (i) and (ii) in Lemma 9.9.1 show that for the intersection numbers, the

labeling of the two summands of ˜[ ]
(which is not canonical) is unimportant: if the meaning of + and

− are switched, the intersection numbers are unchanged.

9.10. AT conjecture: the case of the -divisor. We now come to the AT conjecture.

Conjecture 9.10.1. Let = + be odd, and let be even with ≤ ≤ + . Recall from (9.7.3)

the function
[ + , ]
+ ∈ ( ).

(i) There exists ′ ∈ ( ′) with transfer ( (
[ − ],◦

)− [ − ] ⊗ [ + , ]
+ , ) ∈ ( ) × ( ) such

that, if ∈ ′( ) is matched with ∈ ( ) , then〈˜[ ],
, ˜[ ],

〉
[ − ]× [ ],

+

· = − ∂
(

, ′).
(ii) There exists ′ ∈ ( ′) with transfer ( (

[ − ],◦
)− [ − ],◦ ⊗ [ + , ]

+ , ) ∈ ( )× ( ) such

that, if ∈ ′( ) is matched with ∈ ( ) , then〈˜[ ],+,
, ˜[ ],+,

〉
[ − ]× [ ],

+

· = − ∂
(

, ′).
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Similarly there exists ′ ∈ ( ′) with transfer ( (
[ − ],◦

)− [ − ],◦ ⊗ [ + , ]
+ , ) ∈ ( )× ( )

such that, if ∈ ′( ) is matched with ∈ ( ) , then〈˜[ ],+,
, ˜[ ],−,

〉
[ − ]× [ ],

+

· = − ∂
(

, ′).
Here ∈ ( )( ) is an element in

[ − ] \ [ − ],◦
.

Remark 9.10.2. In (i), by Lemma 9.7.2 part (iii), one could replace the function (
[ − ],◦

)− [ − ] ⊗
[ + , ]
+ by (

[ − ]
)− [ − ] ⊗ [ − , + , ]

+ .

Remark 9.10.3. When = + , we have identifications ˜[ ],−,
= ˜[ ],+,

=
[ − ]

and an identifi-

cation
[ − ] × [ + ],

+ =
[ − ] × [ + ]

+ .

Therefore, thanks to Lemma 9.9.1 and [32, Rem. 12.5], Conjecture 9.10.1(i) is equivalent to [32, Conj.

12.4]. On the other hand, (ii) and (iii) are refinements of (i). Compare also §9.5.

Remark 9.10.4. For ≤ − , we can also consider the small correspondence for -cycles (see also

§11.1). Let
[ − , ],◦

:=
[ − , ] × [ − ]

[ − ],◦
.

Then we may consider the following correspondence:

[ − , ],◦ × [ ]
+

((ww

[ ] � � // [ ] × [ ]
+

[ − ],◦ × [ ]
+ .

Then
[ − , ],◦

is a closed formal subscheme of
[ − ],◦ × [ ]

+ . Recall from Lemma 9.6.2 that ˜[ ]
is

also a closed formal subscheme of
[ − ],◦ × [ ]

+ . We claim that there is a natural closed embedding

[ − , ],◦
↪→ ˜[ ]

. (9.10.1)

Indeed, we have a cartesian diagram by Theorem 9.1.2,

[ − , ] � � //� � //

��
□

[ − , ]
+

��

[ − ] � � // [ − ]
+ ,

and the base change
[ − , ] × [ − ]

[ − ],◦
is isomorphic to the fiber product

[ − , ],◦ � � //

��
□

[ + , − , ]
+

��

[ − , ] � � // [ − , ]
+ .
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Hence we obtain a natural morphism
[ − , ] × [ − ]

[ − ],◦ ≃ [ − , ],◦ → [ + , ]
+ . We also have a

natural morphism
[ − , ] × [ − ]

[ − ],◦ → [ − ],◦
, and it is easy to verify that the resulting diagram

[ − , ],◦ � � //

��
□

[ + , ]
+

��

[ − ],◦ � � // [ + ]
+

is cartesian. Therefore by the definition (9.6.2) of ˜[ ]
, we obtain the map (9.10.1).

We do not expect (9.10.1) to be an isomorphism. This is based on the computation on the corre-

sponding lattice models. Indeed, using (9.5.1), we have

[ − ],◦
= {( ♭

− , + ) ∈ − ( ♭)× + ( ) | + ⊂ ♭
− ⊕ ⟨ ⟩}.

Using (9.6.2), we have

˜[ ]
= {( , ♭

− , + ) ∈ ( )× − ( ♭)× + ( ) | + ⊂ ♭
− ⊕ ⟨ ⟩, + ⊂ }.

On the other hand, we have (see also (11.2.5))

[ − , ],◦
= {( ♭ , ♭

− , + ∈ ( ♭)× − ( ♭)× + ( ) | ♭
− ⊂ ♭ , + ⊂ ♭

− ⊕ ⟨ ⟩}.

One immediately sees that
[ − , ],◦ ⊂ ˜[ ]

is the proper subset consisting of triples ( , ♭
− , + )

such that + ⊂ ♭
− ⊕ ⟨ ⟩ ⊂ .

Therefore, we do not expect that the AT conjecture for the smaller correspondence is equivalent to the

AT conjecture for the larger correspondence in Conjecture 9.10.1. On the other hand, the AT conjecture

for the smaller correspondence for the -cycle is equivalent to Conjecture 9.4.1. This is straightforward

from the following cartesian diagram:

[ − , ],◦ � � //

��
□

[ − ],◦ × [ ]
+

��

[ − , ] � � // [ − ] × [ ]
+ .

Indeed, using the projection formula, we have〈
[ − , ],◦

,
[ − , ],◦

〉
[ − ],◦× [ ]

+

=
〈

[ − , ],◦
, ∗(

[ − , ]
)
〉

[ − ],◦× [ ]
+

,

=
〈

∗(
[ − , ],◦

),
[ − , ]

〉
[ − ]× [ ]

+

,

=
〈

[ − , ]
,

[ − , ]
〉

[ − ]× [ ]
+

.

On the analytic side, we replace the transfer function ( (
[ − , ]

)− [ − ]× [ ]
+

, ) ∈ ( )× ( )

by ( (
[ − , ],◦

)− [ − ],◦× [ ]
+

, ). One can use (8.3.3) to show that the orbit integral of the latter

function is twice that of the former.



RAMIFIED SPLITTING ARITHMETIC TRANSFER CONJECTURES 61

10. AT conjecture of type ( , )

Let = be even. Let ≤ ≤ be even. We use the exceptional special divisor ( )[ ], on
[ ],
+ ,

for a unit length vector ∈ + . This can be identified with
[ ],

, cf. Theorem 6.1.3. The intersection

product takes place on
[ ], × [ ]

+ .

We fix an aligned triple of framing objects ( , , ) = (
[ ]
♭ ,

[ ]
, ) of dimension + and type ,

with corresponding embedding of RZ spaces
[ ]

, ♭ =
[ ]

↪→ [ ]
+ =

[ ]
+ , , cf. §6.2. When = ,

we impose that ♭ = , since otherwise
[ ]

is not defined. As in §8, we have a small correspondence

and a big correspondence. For the small correspondence, we fix an isogeny [ ] → [ ] as in §5.5, and
extend this in the obvious way to an isogeny [ ] → [ ]. Again, this is only possible when ♭ = .

This defines additional embeddings of RZ spaces
[ ]

↪→ [ ]
+ and

[ , ]
↪→ [ , ]

+ , cf. §6.2. For the big

correspondence, we fix an isogeny [ ] → [ ], as in §5.5, which allows us to write
[ , ]
+ .

We again use the notation = ( ) and ♭ = ( ), so that ∈ and ♭ = ⟨ ⟩⊥. We denote by

the hermitian space of dimension + with opposite Hasse invariant of , and fix a vector ∈
of the same length as and set ♭ = ⟨ ⟩⊥. Then ♭ has the opposite Hasse invariant of ♭ .

10.1. The naive version. Similar to §8, there are two ways to use correspondences to obtain natural

cycles on the ambient space
[ ]
, ×

[ ]
+ . The first one is to use a correspondence

[ , ]
on the smaller

space
[ , ] × [ ]

+

''ww

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

Recall that here ♭ = . The second one is to use a correspondence
[ , ]
+ on the bigger space

[ ] × [ , ]
+

&&xx

[ ] � � // [ ] × [ ]
+

[ ] × [ ]
+ .

Here is the resulting small correspondence (for which we assume ♭ = ):

[ , ]

!!}}
[ ] [ ] � � // [ ]

+ .

Here is the resulting big correspondence:

˜[ ]

□
~~

� � //

((

[ , ]
+

""}}

[ ] � � // [ ]
+

[ ]
+ .

There is a natural morphism

:
[ , ] −→ ˜[ ]

.
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Lemma 10.1.1. Both morphisms

:
[ , ] −→ ˜[ ]

, ( , ) : ˜[ ] −→ [ ] × [ ]
+

are closed embeddings.

Proof. We first show that ( , ) is a closed embedding. Indeed, ˜[ ]
is the closed formal subscheme

of
[ ] × [ ]

+ parameterizing pairs ( [ ], [ ]) such that the quasi-isogeny ( [ ] × )− ◦ ◦ [ ] over

the special fiber lifts to an isogeny [ ] → [ ] × , where : [ ] → [ ] × is the isogeny between the

framing objects. Since
[ , ]

is also a closed subscheme of
[ ] × [ ]

+ , we conclude that is a closed

embedding. □

Conjecture 10.1.2. The space ˜[ ]
is flat.

Remark 10.1.3. Note that when = (and hence ♭ = ), the cartesian diagram defining ˜[ ]
shows

that the morphism
[ ]

=
[ , ] → ˜[ ]

= ˜[ ]
is an isomorphism. In general we expect

[ , ]
and ˜[ ]

to

be non-isomorphic.

Proposition 10.1.4. There is a cartesian diagram, where in the bottom line appear special cycles on
[ ]
+ ,

[ , ] � � //

��
□

˜[ ]

��

( )[ ] � � // ( )[ ].

(10.1.1)

Proof. Let be an algebra over ˘ and let ( [ ], [ ]) ∈ ˜[ ]
( ) be any -point. By definition, we have

an isogeny [ ] → [ ] × lifting the quasi-isogeny between the framing objects. The composition

−→ [ ] × −→ [ ],∨ × −→ [ ],∨

defines a lifting of the quasi-isogeny : → [ ],∨. Therefore, the composition ˜[ ]
↪→ [ , ]

+ → [ ]
+

factors through ( )[ ]. Consider the following commutative diagram,

[ , ] � � //

_�

��

˜[ ]

_�

��

[ , ] � � //

��

( )[ ] × [ ]
+

[ , ]
+

��

� � //

□

[ , ]
+

��

( )[ ] � � // ( )[ ] � � // [ ]
+ .

The bottom left square is cartesian since the bottom rectangle is cartesian. The top left square is

cartesian since
[ , ] ⊂ ˜[ ] ⊂ ( )[ ] × [ ]

+

[ , ]
+ ⊂ [ , ]

+ as closed formal subschemes. Therefore, the

left rectangle is cartesian. □
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10.2. Lattice models. This subsection will again be modeled on §8.3. Let ♭ be a vertex lattice of

type in ♭ and denote its stabilizer by
[ ]
. Fix a special vector of unit norm such that the lattice

= ♭ k ⟨ ⟩ ∈ ( ) (here is the split hermitian space). We fix a lattice ∈ ( ) such that

⊂ . Denote by
[ ]
+ (resp.

[ ]
+ ) the stabilizer of (resp. ).

We have the lattice model of RZ spaces:
[ , ]

and

˜[ ]
= {( ♭, ) ∈ ( ♭)× ( ) | ⊂ ♭ ⊕ ⟨ ⟩}.

We have a disjoint union induced by the two possibilities that either ∈ or /∈ :

˜[ ]
= ˜[ ],+

∐˜[ ],−
.

We first assume ♭ = + . In the case when ∈ , we have = ♭ k ⟨ ⟩, with ♭ ⊂ ♭. Therefore

for this part of ˜[ ]
, we obtain an identification

˜[ ],+
=

[ , ]
.

We then look at ˜[ ],−
. If /∈ , then + ⟨ ⟩ is a vertex lattice of type − , and is of the form

+ ⟨ ⟩ = ♭ k ⟨ ⟩, for a unique ♭ ∈ − ( ♭) with ♭ ⊂ ♭. Hence we obtain a map from this part

of ˜[ ]
to

[ − , ]
. Hence this part of ˜[ ]

appears in a commutative diagram

˜[ ],− //

��

[ − , ]
+

��

[ − , ] // [ − ]
+ .

(10.2.1)

However, we caution the reader that the diagram is not cartesian! To see this, we note that the right

downward arrow has fibers of the form ( ), parametrizing all isotropic lines in the three-dimensional

quadratic space := ( ♭ ⊕ ⟨ ⟩)/ ( ♭ ⊕ ⟨ ⟩)∨, while the image of the fiber over a point ( ♭ , ♭ ) ∈
[ − , ]

under the top map omits exactly two of the + points in the fiber of the right downward map

(the two isotropic lines orthogonal to the image of in ).

We now assume ♭ = − . Then ♭ is not split. The argument above shows that ˜[ ],+
is empty and

we have ˜[ ]
= ˜[ ],−

.

Now the diagram (10.2.1) is cartesian! The difference is that now the orthogonal complement of the

image of in is a non-split 2-dimensional quadratic space.

Similar to §8.3, we have the bi-
[ ]
-invariant Hecke function, cf. (8.3.1)

[ , ]
:= (

[ ]
)− [ ] [ ] ∗ [ ] [ ] . (10.2.2)

Then we have

( , (
[ ]
)−

[ , ] ⊗ [ ]
+

) = #(
[ , ] ∩ [ , ]

).

Similarly we have the bi-
[ ]
+ -invariant Hecke function, cf.(8.3.2)

[ , ]
+ := (

[ ]
+ )− [ ]

+
[ ]
+

∗ [ ]
+

[ ]
+

, (10.2.3)

and we have

( , (
[ ]
)− [ ] ⊗ [ , ]

+ ) = #(˜[ ] ∩ ˜[ ]
).
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Lemma 10.2.1. (i) When ≤ ≤ − , we have

#
[ ]\ [ ]

+ /
[ , ]
+ =

 , ♭ = +

, ♭ = −

(ii) We have

(
[ ]
)−

[ , ] ⊗ [ ]
+

∼ (
[ , ]

)− [ ]× [ ]
+

when ♭ = + , and

(
[ ]
)− [ ] ⊗ [ , ]

+ ∼ (
[ , ]

)− [ ]× [ ]
+

when ♭ = − (this case only makes sense when ≤ − ).

Proof. (i) Denote by = / ∨ the vector space over of dimension ( + ) − ≥ with the

induced quadratic form. Then ∨ ⊂ is an isotropic subspace of dimension ( − )/ , and hence

defines a parabolic subgroup ⊂ ( ). The reduction of the vector is anisotropic and its orthogonal

complement in is denoted by ♭. Then we have a natural bijection:

[ ]\ [ ]
+ /

[ , ]
+ ≃ ( ♭)\ ( )/ ≃ ( )\[

(
( )/ ( ♭)

)
×
(

( )/
)
]

where in the last quotient ( ) acts diagonally. Now by Witt’s theorem (cf. the argument in the proof

of Lemma 6.1.1 in [21]), there are two (resp. one) orbits if ♭ is split (resp. non-split), corresponding to
♭ = + (resp. ♭ = − ).

(ii) The proof is similar to that of Lemma 8.3.1 part (iii). We sketch the proof for the case = + ;

the other case is similar using part (i) = − . We use (8.3.3), and [ ] ∗ [ ] = (
[ , ]

) [ ] [ ] . Then

[ ] ⊗ [ ]
+

∼( [ ] ∗ [ ] ∗ [ ])⊗ [ ]
+

= (
[ ]
)− (

[ ]
)− (

[ , ]
) ( [ ] [ ] ∗ [ ] [ ])⊗ [ ]

+

= (
[ ]
)− (

[ , ]
)

[ , ] ⊗ [ ]
+

. □

Remark 10.2.2. We comment that the product
[ ]
+

[ ]
+

[ ]
+ depends only on = ♭ k ⟨ ⟩ ∈

( ) but not on the choice of ∈ ( ) such that ⊂ .

Remark 10.2.3. Let ≤ ≤ − . When ♭ = + , part (i) shows that
[ ]

acts on
[ ]
+ /

[ , ]
+ with

exactly two orbits. The first one is
[ ] [ , ]

+ with the stabilizer being the subgroup
[ , ]

of
[ ]
. For the

second one, we choose any representative ∈ [ ]
+ \

[ ] [ , ]
+ . Then the stabilizer is the subgroup

[ ],−
: =

[ ] ∩ [ , ]
+

−

of
[ ]
, which is independent of the choice of . Then in the disjoint union ˜[ ]

= ˜[ ],+∐˜[ ],−
., we

may naturally identify ˜[ ],+
with ( ♭ )/

[ , ]
, and identify ˜[ ],−

with ( ♭ )/
[ ],−

. Similarly, when
♭ = − , we may naturally identify ˜[ ]

= ˜[ ],−
with ( ♭ )/(

[ ] ∩ [ , ]
+ ).
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10.3. Intersection numbers on the splitting model for the smaller correspondence. Assume

that ♭ = + , so that
[ ]

is defined.

Let ̂[ ],
be the flat closure of the base change of

[ , ]
along the morphism

[ ], × [ ]
+ → [ ]× [ ]

+ .

Then ̂[ ],
is a closed formal subscheme of

[ ], × [ ]
+ , flat over ˘ of relative dimension − . We

have the commutative diagram

̂[ ], � � //

��

[ ], × [ ]
+

��

[ , ] � � // [ ] × [ ]
+

Now the product
[ ], × [ ]

+ is regular since
[ ]
+ is formally smooth over ˘ and

[ ],
is regular.

We form the arithmetic intersection numbers〈̂[ ],
, ̂[ ],

〉
[ ], × [ ]

+

:= (̂[ ], × [ ]
+ , ̂[ ], ∩ ̂[ ],

),

for regular semisimple .

10.4. The AT conjecture for the smaller correspondence. We now come to the AT conjecture.

Conjecture 10.4.1. Let = be even, ≤ ≤ even. Assume that ♭ = . There exists
′ ∈ ( ′) with transfer ( (

[ , ]
)− [ ]× [ ]

+

, ) ∈ ( ) × ( ) such that, if ∈ ′( ) is

matched with ∈ ( ) , then〈̂[ ],
, ̂[ ],

〉
[ ], × [ ]

+

· = − ∂
(

, ′).
Remark 10.4.2. When = , since

[ ],
is identical to

[ ]
, Conjecture 10.4.1 is identical with

Conjecture 8.2.1 in [31].

10.5. Intersection numbers on the splitting model for the larger correspondence. Let ˜[ ],

be the flat closure of the base change of ˜[ ]
along the morphism

[ ], × [ ]
+ → [ ]× [ ]

+ . Then ˜[ ],

is a closed formal subscheme of
[ ],
+ × [ ]

+ , flat over ˘ of relative dimension − . If Conjecture

10.1.2 on the flatness of ˜[ ]
holds, then ˜[ ],

coincides with ˜[ ]
outside the worst points. We have the

commutative diagram

˜[ ], � � //

��

[ ], × [ ]
+

��˜[ ] � � // [ ] × [ ]
+

(10.5.1)

By Lemma 10.1.1, the horizontal maps are closed embeddings. We define the arithmetic intersection

numbers 〈˜[ ],
, , ˜[ ],

,

〉
[ ],
, × [ ]

+

:= (
[ ],
, × [ ]

+ , ˜[ ],
, ∩ ˜[ ],

, ),

for regular semisimple ∈ ( ).
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10.6. The AT conjecture for the larger correspondence. We now come to the AT conjecture.

Conjecture 10.6.1. Let = be even, ≤ ≤ even. Recall from (10.2.3) the function
[ , ]
+ ∈

( ).

There exists ′ ∈ ( ′) with transfer ( (
[ ]
)− [ ] ⊗ [ , ]

+ , ) ∈ ( ) × ( ) such that, if

∈ ′( ) is matched with ∈ ( ) , then〈˜[ ],
, ˜[ ],

〉
[ ], × [ ]

+

· = − ∂
(

, ′).
Remark 10.6.2. When = , we have ˜[ ]

= ˜[ ] ≃ [ ]
. Since

[ ],
is identical to

[ ]
by Remark

10.1.3, Conjecture 10.6.1 is identical to Conjecture 8.2.1, i.e., [31, Conj. 5.6].

Remark 10.6.3. For each ≤ − , there are two cases depending on ♭ = ± . When ♭ = − we

could replace the test function by the simpler (
[ , ]

)− [ ]× [ ]
+

, by Lemma 10.2.1 part (ii).

11. AT conjecture of type ( , + )

Let = + be odd. Let ≤ ≤ − be even. We use the exceptional special divisor ( )[ ],

on
[ ],
+ , for a unit length vector ∈ + . This can be identified with

[ ],
, cf. Theorem 6.1.3. The

intersection product takes place on
[ ], × [ + ]

+ .

We fix an aligned triple of framing objects ( , , ) = (
[ ]
♭ ,

[ ]
, ) of dimension + and type ,

with corresponding embedding of RZ spaces
[ ]

, ♭ =
[ ]

↪→ [ ]
+ =

[ ]
+ , , cf. §6.2. We also fix an

isogeny [ − ] → [ ] as in §5.5, and extend this in the obvious way to an isogeny [ − ] → [ ]. This

defines embeddings of RZ spaces
[ ]

↪→ [ ]
+ and

[ − ]
↪→ [ − ]

+ and
[ − , ]

↪→ [ − , ]
+ , cf. §6.2.

We also fix an isogeny [ + ] → [ − ]. This is only possible when = , which we assume throughout

this section. It allows us to consider the RZ space
[ + ]
+ , and

[ − , + ]
+ with its natural morphisms to

[ + ]
+ and

[ − ]
+ .

We again use the notation = ( ) and ♭ = ( ), so that ∈ and ♭ = ⟨ ⟩⊥. We denote by

the hermitian space of dimension + with opposite Hasse invariant of , and fix a vector ∈
of the same length as and set ♭ = ⟨ ⟩⊥. Then ♭ has the opposite Hasse invariant of ♭ . Note that

is the split hermitian space.

11.1. The naive version. Similar to §8, there are two ways to use correspondences to obtain natural

cycles on the ambient space
[ ]× [ + ]

+ . The first one is to use a correspondence
[ − , ]

on the smaller

space

[ − , ] × [ − , + ]
+

((vv

[ − ] � � // [ − ] × [ − ]
+

[ ] × [ + ]
+ .

Note that, since there is no (natural) embedding from
[ − ]

to
[ + ]
+ , we are forced to use an almost

trivial but nevertheless essential correspondence on the larger space.
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The second one is to use a correspondence
[ , ]
+ on the bigger space

[ ] × [ + , ]
+

''ww

[ ] � � // [ ] × [ ]
+

[ ] × [ + ]
+ .

We define the spaces
[ − , ],◦

and
[ − ],◦

by the following cartesian diagram (see also Theorem 6.1.4

and Remark 9.10.4),

[ − , ],◦

□
��

// [ − ],◦

��

� � //

□

[ + , − ]
+

��

[ − , ] // [ − ] � � // [ − ]
+ .

(11.1.1)

We can factorize the outer cartesian diagram

[ − , ],◦

□
��

// [ + , − ]
+

��

[ − , ] // [ − ]
+

(11.1.2)

in an alternative way,

[ − , ],◦

□
��

� � // [ + , − , ]
+

��

//

□

[ + , − ]
+

��

[ − , ] � � // [ − , ]
+

// [ − ]
+ .

(11.1.3)

To see these cartesian diagrams, we construct all of these spaces from the following skeleton,

[ + , − ]
+

��

[ − , ]
+

%%

[ − ] // [ − ]
+ .
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We arrive at the following cube by taking successive cartesian products

[ − , ],◦

��

$$

� � // [ + , − , ]
+

��

&&

[ − ],◦

��

� � // [ + , − ]
+

��

[ − , ]

$$

� � // [ − , ]
+

&&
[ − ] � � // [ − ]

+ .

(11.1.4)

In particular, all of the faces are cartesian, and all of the vertical morphisms are étale of degree two.

Note that the bottom cartesian square follows from Proposition 6.2.2 and the right vertical face is

obvious. Then the two factorizations (11.1.1) and (11.1.3) come from the front-and-left faces and the

right-and-back faces respectively.

From the big correspondence, we have the following fiber product diagram

̂[ ]

□
~~

� � //

))

[ + , ]
+

##{{
[ ] � � // [ ]

+
[ + ]
+ .

(11.1.5)

Lemma 11.1.1. The proper morphism

( , ) : ̂[ ] // [ ] × [ + ]
+

is a closed embedding of formal schemes.

Proof. Indeed, ̂[ ]
is the closed formal subscheme of

[ ]× [ + ]
+ parameterizing pairs ( [ ], [ + ]) such

that the quasi-isogeny [ + ] → [ ] × lifts to an isogeny. □

Note that the cartesian square in the back face of (11.1.4) can be enlarged into a commutative diagram

[ − , ],◦

□
��

� � // [ , − , + ]
+

��

// [ , + ]
+

��

[ , − ]

��

� � // [ , − ]
+

[ ] // [ ]
+ .

(11.1.6)

Therefore, from the outer square there is an induced morphism

[ − , ],◦ −→ ̂[ ]
,

which is a closed embedding.
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Theorem 11.1.2. The natural map
[ − , ],◦ −→ ̂[ ]

is an isomorphism. In other words, the big correspondence and the small correspondence coincide as

formal subschemes of
[ ] × [ + ]

+ .

When = − this holds trivially and both spaces are isomorphic to
[ − ],◦

. The proof of Theorem

11.1.2 is given in §12. In particular, we obtain from the structure of
[ − , ]

the following statement.

Corollary 11.1.3. The formal scheme ̂[ ]
is flat. □

11.2. Lattice models. Let ♭ be a vertex lattice of type in ♭ and denote its stabilizer by
[ ]
.

Fix a special vector of unit norm such that the lattice = ♭ k ⟨ ⟩ ∈ ( ). We fix a lattice

∈ + ( ) such that ⊂ and denote by
[ + ]
+ the stabilizer of (recall that is the split

hermitian space).

We have the lattice models
[ − , ],◦

and ̂[ − , ]
of RZ spaces. Similar to §8.3, we have a bi-

[ − ]
-

invariant Hecke function, cf. (8.3.1),

[ − , ]
:= (

[ ]
)− [ − ] [ ] ∗ [ ] [ − ] , (11.2.1)

and a bi-
[ − ]
+ -invariant function

[ − , + ]
+ = (

[ + ]
+ )− [ − ]

+
[ + ]
+

∗ [ + ]
+

[ − ]
+

. (11.2.2)

We have

( , (
[ − ]

)−
[ − , ] ⊗ [ − , + ]

+ ) = #(
[ − , ],◦ ∩ [ − , ],◦

).

Similarly we have the bi-
[ ]
+ -invariant Hecke function, cf.(8.3.2)

[ , + ]
+ := (

[ + ]
+ )− [ ]

+
[ + ]
+

∗ [ + ]
+

[ ]
+

. (11.2.3)

Then we have

( , (
[ ]
)− [ ] ⊗ [ , + ]

+ ) = #(˜[ ] ∩ ˜[ ]
).

Lemma 11.2.1. Let ≤ − .

(i) We have

[ − , ],◦ ≃ ̂[ − , ]
.

Both are “finite étale double” coverings of
[ − , ]

(namely, every fiber consists of two elements).

(ii) We have

#
[ ]\ [ ]

+ /
[ , + ]
+ = ,

and

#
[ ],◦\ [ ]

+ /
[ , + ]
+ = .

(iii) We have

(
[ − , ],◦

)− [ ] ⊗ [ + ]
+

∼ (
[ ]
)− [ ] ⊗ [ , + ]

+ ∼ (
[ − ]

)−
[ − , ] ⊗ [ − , + ]

+ .
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Proof. (i) For the big correspondence we have

̂[ ]
= {( ♭, ′, ) ∈ ( ♭)× ( )× + ( ) | ⊂ ′ = ♭ ⊕ ⟨ ⟩} =

= {( ♭, ) ∈ ( ♭)× + ( ) | ⊂ ♭ ⊕ ⟨ ⟩}.
(11.2.4)

For the small correspondence we have

[ , − ],◦
= {( ♭, , ′, , ) ∈ ( ♭)× − ( ♭)× ( )× − ( )× + ( ) |

′ = ♭ ⊕ ⟨ ⟩, = ♭ ⊕ ⟨ ⟩, ♭ ⊂ ♭, ⊂ }

= {( ♭, ♭ , ) ∈ ( ♭)× − ( ♭)× + ( ) | ♭ ⊂ ♭, ⊂ ♭ ⊕ ⟨ ⟩}.

(11.2.5)

We get a bijection because given ( ♭, ) ∈ ̂[ ]
, we can reconstruct uniquely the missing entry ♭ by

the chain of inclusions ⊂ + ⟨ ⟩ ⊂ ♭ ⊕ ⟨ ⟩, which implies that ♭ is the unique solution of

+ ⟨ ⟩ = ♭ ⊕ ⟨ ⟩ (we use that is a vector of unit length).

(ii) The proof is similar to that of Lemma 10.2.1 part (ii) as an application of Witt’s theorem and we

omit the details.

(iii) The proof is similar to that of Lemma 8.3.1 part (iii). By the bi-
[ ]
-invariance of [ ] we obtain

[ ] ⊗ [ + ]
+

∼ [ ] ⊗ ( [ ] ∗ [ + ]
+

∗ [ ]).

Now note

[ ] ∗ [ + ]
+

= (
[ ]
)− [ ] ∗ [ + ]

+

= (
[ ]
)− (

[ ] ∩ [ , + ]
+ ) [ ] [ + ]

+

,

where
[ ] ∩ [ + ]

+ =
[ − , ],◦

. By part (ii), we have
[ ] [ + ]

+ =
[ ] [ , + ]

+
[ + ]
+ =

[ ]
+

[ + ]
+ .

Hence

[ ] ⊗ [ + ]
+

∼ [ ] ⊗ ( (
[ − , ],◦

) (
[ ]
)− (

[ + ]
+ )− [ ]

+
[ + ]
+

∗ [ + ]
+

[ ]
+

)

= (
[ − , ],◦

) (
[ ]
)− [ ] ⊗ [ , + ]

+ .

Similarly, by the bi-
[ − ],◦

-invariance of [ + ]
+

we have

[ ] ⊗ [ + ]
+

∼( [ − ],◦ ∗ [ ] ∗ [ − ],◦)⊗ [ + ]
+

= (
[ − ],◦

)− ( [ − ],◦ ∗ [ ] ∗ [ − ],◦)⊗ [ + ]
+

= (
[ − ],◦

)− (
[ ]
)− (

[ − , ],◦
) ( [ − ],◦ [ ] ∗ [ ] [ − ],◦)⊗ [ + ]

+

= (
[ − ],◦

)− (
[ − , ],◦

)
[ − , ] ⊗ [ + ]

+

,

where we have used
[ − ],◦ [ ]

=
[ − ] [ ]

. Next by the bi-
[ − ]

-invariance of
[ − , ]

, we continue

to obtain

[ ] ⊗ [ + ]
+

∼ (
[ − ],◦

)− (
[ − , ],◦

)
[ − , ] ⊗ ( [ − ] ∗ [ + ]

+

∗ [ − ])

= (
[ − , ],◦

) (
[ − ]

)−
[ − , ] ⊗ [ − , + ]

+ . □
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11.3. The exotic case = − . In this subsection, we consider the case = − , in which we have

regularity of
[ ] × [ + ]

+ without passing to the splitting model. Namely, in the case = − , the

formal scheme
[ − ]

is formally smooth (exotic smoothness). In this case, we have the AT conjecture

in [32], which we recall briefly. The RZ spaces
[ − ]

and
[ + ]
+ are both smooth (exotic smoothness),

and hence it makes sense to consider the intersection number〈
[ − ],◦

,
[ − ],◦

〉
[ − ]× [ + ]

+

= (
[ − ] × [ + ]

+ ,
[ − ],◦ ∩ [ − ],◦

). (11.3.1)

But this intersection number coincides precisely with the one occurring in [32, §12], and the analogue of

Conjecture 9.4.1 is identical with the conjecture in [32, §12]. Note that in this case we also obtain the

identical conjecture with that in §9.5.

11.4. Intersection numbers on the splitting model. Let ̂[ ],
=

[ − , ],◦,
be the flat closure of

the base change of ̂[ ]
=

[ − , ],◦
along the morphism

[ ], × [ + ]
+ → [ ] × [ + ]

+ . Then ̂[ ],
is

a closed formal subscheme of
[ ], × [ + ]

+ , flat over ˘ of relative dimension − . We have the

commutative diagram

̂[ ],

��

� � // [ ], × [ + ]
+

��

[ − , ],◦ � � // [ ] × [ + ]
+ .

We define the intersection numbers〈̂[ ],
, ̂[ ],

〉
[ ], × [ + ]

+

= (
[ ], × [ + ]

+ , ̂[ ], ∩ ̂[ ],
).

11.5. The AT conjecture. We now come to the AT conjecture. Let ♭ (resp.
′♭) be a vertex lattice

of type (resp. type − ) in ♭ . Denote by
[ ]

(resp.
[ − ]

) the stabilizer of ♭ (resp.
′♭). Fix a

special vector of unit norm, and let = ♭ k ⟨ ⟩ and ′ =
′♭ k ⟨ ⟩; they are vertex lattices of

type and − respectively. We fix a lattice ∈ + ( ) such that ⊂ ′ (recall that is the

split hermitian space). Denote by
[ + ]
+ (resp.

[ − ]
+ ) the stabilizer of (resp. ′ ).

Conjecture 11.5.1. Let = + be odd, and let ≤ ≤ − even. There exists ′ ∈ ( ′) with

transfer ( (
[ − , ],◦

)− [ ] ⊗ [ + ]
+

, ) ∈ ( )× ( ) such that, if ∈ ′( ) is matched with

∈ ( ) , then 〈̂[ ],
, ̂[ ],

〉
[ ], × [ + ]

+

· = − ∂
(

, ′).
Remark 11.5.2. By Lemma 11.2.1 part (iii), one could replace the function (

[ − , ],◦
)− [ ]⊗ [ + ]

+

by either of the other two.

11.6. Comparison when = − . Conjecture 11.5.1 for = − is not identical to [32, Conj. 12.4]

which concerns the intersection number ⟨̂[ − ]
, ̂[ − ]〉

[ − ]× [ + ]
+

, cf. also Remark 9.10.3. We expect

the difference between these conjectures to be given on the analytic side by an orbital integral function.
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To be more precise, consider the following commutative diagram,

̂[ − ],

��

� � // [ − ], × [ + ]
+

��̂[ − ] � � // [ − ] × [ + ]
+ .

The vertical arrows are isomorphisms away from the worst points of
[ − ]

. Each automorphism

∈ ( ) induces a permutation of these worst points. Let ∈ ♭ be a type − vertex lattice, with

corresponding exceptional divisor ⊂ [ − ],
. Then ( ) ∈ [ − ]∩ [ − ]

if and only if ∈ ( )( ).

In this case, the automorphism induces an automorphism of the exceptional divisor : → .

Conjecture 11.6.1. Let = + be odd. There exists ∈ ( ′) such that, if ∈ ′( ) is

matched with ∈ ( ) , then(〈̂[ − ],
, ̂[ − ], 〉

[ − ], × [ + ]
+

−
〈̂[ − ]

, ̂[ − ]〉
[ − ]× [ + ]

+

)
· = − ∂

(
,
)
.

In other words, the additional contribution to the intersection number in the splitting model (compared

to the intersection occurring in [32, Conj. 12.4]) comes from the automorphisms of the exceptional

divisors and their formal neighbourhoods, and we expect this will contribute an error term expressed by

the orbit integral on the RHS.

12. Proof of Theorem 11.1.2

In this section, we prove Theorem 11.1.2.

12.1. Local model for
[ , ]

. Let / be a ramified quadratic extension with uniformizers = .

Let ( , ) be a hermitian space of dimension over . Let ⊂ be vertex lattices of type and ,

resp., where and are even numbers. We have a natural lattice chain:

⊂ ⊂ ∨ ⊂ ∨ ⊂ − .

We can further complete it into a polarized lattice chain [ , ], see §4.1.

Definition 12.1.1. The local model
[ , ]

is a projective scheme over . It represents the moduli

problem that sends each -algebra to the set of filtrations

,
//

,
// ∨

,

∨
// ∨

,

∨
// −

,

?�

O

//
?�

O

// ∨
?�

O

// ∨
?�

O

// −
?�

O

(12.1.1)

such that the following axioms are satisfied:

(a) For all lattices occurring in (12.1.1), is an ⊗ -submodule of , and an -direct summand

of rank ;

(b) Any arrow : → ′ in (12.1.1) carries into ′ . The isomorphism −
, → , identifies

− with ;
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(c) For = and , the perfect -bilinear pairing

, × ∨
,

⟨−,−⟩⊗−−−−−→

identifies ⊥ with ∨ inside ∨
, ; and

(d) For all lattices occurring in (12.1.1), satisfies the strengthened spin condition, see §4.2.

By [22], the local model
[ , ]

is flat. From the definition, we have natural projections

[ , ]

}} !!
[ ] [ ]

,

which are isomorphisms over the generic fiber. When = , the projection :
[ , ] → [ ]

is an

isomorphism.

When = is even, we will also consider the local model
[ , − , ]

with three indices, this relates

to the RZ space
[ , − , ]

. By [32, Prop. 9.12], the projection
[ , − , ] → [ − , ]

is an isomorphism.

But the corresponding map between RZ spaces is a trivial double cover, see §5.5.

12.2. Auxiliary space of the -cycle. In this subsection, we first recall the auxiliary spaces con-

structed in [32], then relate them with -cycles. A similar construction occurs in [45].

Suppose from now on that = + is an odd number and that is a split hermitian space of

dimension + over . Let + ⊂ be a -modular lattice, i.e., a vertex lattice such that

∨
+ = +

+
⊂ ∨

+ .

Let ∈ ∨
+ ⊂ be a unit-length vector. We have the orthogonal decomposition of the hermitian

space = ♭ k .

Lemma 12.2.1. The vector ∈ + is primitive.

Proof. We cannot have − ∈ ∨
+ : otherwise, we would have ∈ ∨

+ = + , but then

( − , ) = − , contradicting the definition of the dual lattice. □

Define − := + + ⟨ ⟩, which is a vertex lattice of type − . The lattice chain + ⊂ −

defines the local model
[ + , − ]
+ . By [32, Prop. 9.12], the natural projection − :

[ + , − ]
+ → [ − ]

+

is an isomorphism.

The submodule ⟨ ⟩ ⊂ − is a direct summand with orthogonal decomposition − = ♭
− k ⟨ ⟩,

where ♭
− ⊂ ♭ is a vertex lattice of type − . We define the local model

[ − ]
using ♭

− . Let

:
[ − ] → [ + ]

+ be the composition of the following maps

:
[ − , ] � � // [ − , ]

+ ≃ [ + , − , ]
+

// [ + , ]
+ , (12.2.1)

where the closed immersion
[ − ]

↪→ [ − ]
+ is defined by sending

( ♭
−
, ♭,∨

−
) 7−→ ( − , ∨

−
) =

(
♭
−
⊕ ( − ) , ♭,∨

−
⊕ ( − )

)
,

and where the identification in the middle is via the isomorphism − .

Proposition 12.2.2 ([32, Prop. 12.1]). The composition is a closed embedding.
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Proof. By descent, it suffices to verify the statement after base change along an unramified extension.

This allows us to assume that has length − and ♭ is split. The assertion now follows from [32, Prop.

12.1]. □

Let ( ♭
−
, ♭,∨

−
) be an -point of

[ − ]
, we denote by

(
( ♭

−
), ( ♭,∨

−
)
)
∈ [ + ]

+ ( ) its image

under .

Definition 12.2.3. Define the closed subscheme

[ + ]( ) = [ + ]( ) ⊂ [ + ]
+

as the closed subscheme of
[ + ]
+ which parametrizes filtrations ( ⊂ ) ∈ [ + ]

+ ( ) that satisfy

( − ) ⊂ ∨
+
.

Lemma 12.2.4. The closed embedding factors through [ + ]( ),

[ − ] � � //

$$

[ + ]
+

[ + ]( )

, �

::

We also denote by :
[ − ]

↪→ ( ) the resulting map.

Proof. Let ( ♭
−
, ♭,∨

−
) be an -point of

[ − ]
. By Proposition 12.2.2, it is a closed subfunctor of

[ + ]
+ characterized by the subset of filtrations

[ + , − ]
+ of the form:

+ ,
+

// − ,
−

// ∨
− ,

∨
−

// ∨
+ ,

( ♭
−
)

?�

OO

//
♭
−
⊕ ( − )
?�

OO

//
♭,∨
−
⊕ ( − )
?�

OO

// ( ♭,∨
−
)

?�

OO

(12.2.2)

By Lemma 12.2.1, the sublattice ⟨ ⟩ ⊂ ∨
+ is an -direct summand. Hence, the transition map

restricts to an isomorphism ∨
− : ⟨ ⟩ ⊗ → ⟨ ⟩ ⊗ under which

∨
− ( ( − ) ) = ( − ) ⊂ ∨

+ , .

Therefore, the filtration in (12.2.2) satisfies ( − ) ⊂ ( ♭,∨
−
) and thus defines a point in [ + ]( ).

□

Theorem 12.2.5. The induced map :
[ − ]

↪→ [ + ]( ) is an isomorphism.

Proof. In [45, Thm. 5.5], Yao proves that the closed immersion
[ − ]

↪→ [ + ]( ) inside the RZ space
[ + ]
+ is an isomorphism. The proof of Theorem 12.2.5 follows the same strategy, and we briefly sketch

the main ideas below.

First, in [45, Lem. 5.11], Yao shows that every point of [ + ]( )( ) is smooth by computing its

tangent space using the local model (see footnote 4); his argument implies that the special fiber of
[ + ]( ) is smooth.

Next, it is straightforward to verify that the closed immersion induces an isomorphism on the generic

fiber, since both spaces are isomorphic to the Grassmannian ( , − ).
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Finally, we claim that induces a bijection :
[ − ]

( )
∼→ [ + ]( )( ) between the geometric points

of the special fiber. To be more precise, given any filtration ( + , ∨
+
) ∈ [ + ]( )( ), consider the

intersection (cf. the proof of [32, Prop. 12.1]):

♭,∨
−

:= ∨
+
∩ ∨

− ( ♭,∨
− , ) ⊆ ∨

− ( ♭,∨
− , ) ≃ ♭,∨

− , .

The last isomorphism is due to the fact that ♭,∨
− ⊂ ∨

− ⊂ ∨
+ presents ♭,∨

− as a direct summand

of ∨
+ . We aim to show that ♭,∨

−
together with its isotropic complement ♭

−
defines a point in

[ − ]
( ). This boils down to verifying the following conditions:

(1) ♭,∨
−

is orthogonal to itself with respect to the symmetric form induced from + , on ♭,∨
− , , this

follows directly from the construction.

(2) ♭,∨
−
⊂ ♭,∨

− is a direct summand of rank − .

(3) ( ♭,∨
−
) is locally free of rank ≤ , and hence satisfies the strengthened spin condition.

Both (2) and (3) essentially follow from [45, Prop. 5.14], where Yao shows that the map
[ − ]

( ) ↪→
[ + ]( )( ) is a bijection. He reduces the problem to a question about Dieudonné lattices and carries

out an explicit computation after fixing a basis using [45, Lem. 5.10]. Since for a Dieudonné lattice

, the quotient / ⊂ / defines a geometric point in the local model after trivialization, his

computation applies directly to the local model. □

12.3. Auxiliary space of ̂[ ]
. In this subsection, we construct and study the local model of the spacê[ ]

defined in §11.1. Let us recall the notations and assumptions. We denote by = the split

hermitian space of dimension + = + . Let ∈ be a unit length vector. We have the

orthogonal decomposition = ♭ k . Let be an even integer with ≤ ≤ − .

Recall the lattice model ̂[ ]
defined in §11.2. Let ( ♭ , + ) ∈ ̂[ ]

. By definition, we have + ⊂
− := + + ⟨ ⟩. We have orthogonal decompositions

− = ♭
− k ⟨ ⟩, and = ♭ k ⟨ ⟩. (12.3.1)

Here ♭
− and ♭ are vertex lattices in ♭.

We define ̂[ ]
as the closed subscheme of

[ + , ]
+ given by following condition:

= ♭ ⊕ ( − ) , where [ ♭ ⊂ ∨
, ] ∈ [ ]

.

In other words, it is characterized by the following cartesian diagram:

̂[ ] //

��
□

[ + , ]
+

��

[ ] ∼= [ ]( ) �
�

// [ ]
+ .

On the other hand, the chain of lattices

♭
− ⊂ ♭ ⊂ ♭∨ ⊂ ♭∨

− ,

defines the local model
[ − , ]

as in Definition 12.1.1. Similar to (12.2.1), we define the map :
[ − , ] → [ + , ]

+ as the composition:

:
[ − , ] � � // [ − , ]

+ ≃ [ + , − , ]
+

// [ + , ]
+ .
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Lemma 12.3.1. The map is a closed embedding, and it factors through ̂[ ] ⊂ [ + , ]
+ , which we will

still denote by .

Proof. The embedding
[ − , ]

↪→ [ − , ]
+ sends ( ) to

(
⊕ ( − )

)
, and the composition

[ − , ]
+ ≃ [ + , − , ]

+ → [ + , ]
+ does not change the filtrations and ∨ . The assertion then

follows from Proposition 12.2.2 and Lemma 12.2.4. □

Proposition 12.3.2. The closed immersion :
[ − , ]

↪→ ̂[ ]
is an isomorphism.

Proof. Since both of them are closed subschemes of
[ + , ]
+ , we only need to show that any -point of̂[ ]

lies in
[ − , ]

. Let be an -algebra, any -point of ̂[ ]
represents a filtration of the form:

+ ,
+

//
,

// ∨
,

∨
// ∨

+ ,

+

?�

OO

//
♭ ⊕ ( − )

?�

OO

//
♭,∨ ⊕ ( − )

?�

OO

// ∨
+

?�

OO

Since ∨( ( − ) ) = ( − ) ⊂ ∨
+
, we see that ( + , ∨

+
) defines a point in [ + ]( )( ) ⊂

[ + ]
+ ( ) under the projection

[ + , ]
+ → [ + ]

+ . By Theorem 12.2.5, we have ( + , ∨
+
) =(

( ♭
−
), ( ♭,∨

−
)
)
for some ( ♭

−
, ♭,∨

−
) ∈ [ − ]

( ).

By the proof of [32, Prop. 12.1], we further have

♭,∨
−

= ∨
+
∩ − ( ♭,∨

− , ),

where − : ∨
− , → ∨

+ , is the natural transition map. Since

∨( ♭,∨ ⊕ ( − ) ) ⊆ ∨
+

and ♭,∨ ⊂ ♭,∨
, ,

we conclude that the transition map ♭,∨ : ♭,∨ → ♭,∨
− carries ♭,∨ to ♭,∨

−
. By duality, the transition

map ♭
− : ♭

− → ♭ carries ♭
−

to ♭ , hence the filtrations ( ♭
−
, ♭ , ♭,∨ , ♭,∨

−
) define an

-point of
[ − , ]

. □

12.4. Proof of Theorem 11.1.2. The proof of Theorem 11.1.2 proceeds along the same lines as the

proof of Corollary 7.2.10: we will show that the map
[ − , ],◦ → ̂[ ]

induces a bijection on geometric

points; then, Proposition 12.3.2 shows that each point in
[ − , ],◦

( ) = ̂[ ]
( ) has the same first order

deformation theory in either formal scheme, hence the map is also infinitesimally étale, and the theorem

follows.

Recall from §5.5 that = ( )[ ] is the common rational Dieudonné module of the framing objects

[ + ] and [ ] of
[ + , ]
+ . It is equipped with a hermitian form and a -linear operator : → .

By the isometry ( [ + ])⊗ ˘ ≃ ⊗ ˘ ≃ , the unit length vector ∈ ( [ + ]) corresponds to

a unit length element in , which we will still denote by . We have a decomposition of the hermitian

space = ♭ ⊕ , where ♭ is the rational Dieudonné module of the framing object [ − ] of
[ , − ]
+ .

First of all, by computation on Dieudonné modules, the geometric points
[ + , − , ]
+ ( ) are given as

follows by ˘-lattices

+ ⊂ − ⊂ ⊂

such that
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• We have ⊂ − ( ) ⊂ − for = + , − and ;

• We have relations
≤
⊂ ( + ( )), and −

≤
⊂ ( − + ( − )), and + ⊂ ( + + ( + ));

• We have chains

+ ⊂ −

− −

⊂ ⊂ ∨
− −

⊂ ∨
− ⊂ ∨

+ = −
+ .

By definition, the vector ∈ satisfies ( ) = . By the definition of
[ − , ],◦

(see (11.1.6)), we can

write

[ − , ],◦
( ) =

{
( + , − , ) ∈ [ , − , + ]

+ ( ) | = ♭ ⊕ ⟨ ⟩, − = ♭
− ⊕ ⟨ ⟩

}
.

The following lemma is straigthforward and ensures that ♭ are still Dieudonné modules:

Lemma 12.4.1. Let ⊂ be a vertex lattice such that = ♭ ⊕ ⟨ ⟩. Then

(1) The relation ⊂ − ( ) ⊂ − is equivalent to ♭ ⊂ − ( ♭) ⊂ − ♭.

(2) The relation ⊂ + ( ) is equivalent to ♭ ⊂ ♭ + ( ♭). Moreover, we have(
+ ( )

)
/ ≃

(
♭ + ( ♭)

)
/ ♭.

In particular, the submodule ⊂ + ( ) has the same colength as the submodule ♭ ⊂ ♭ + ( ♭). □

Next, by computation on Dieudonné modules, the geometric points ̂[ ]
( ) are given as follows by

˘-lattices (see again (11.1.6))

+ ⊂ ⊂

such that

• We have ⊂ − ( ) ⊂ − and + ⊂ − ( + ) ⊂ −
+ ;

• We have relations
≤
⊂ ( + ( )), and + ⊂ ( + + ( + )) and = ♭ ⊕ ⟨ ⟩;

• We have decomposition

= ♭ ⊕ ⟨ ⟩,

where ♭ ⊂ ♭ is a lattice which defines a geometric point of
[ ]
( );

• We have chains

+

− +

⊂ ⊂ ∨
− +

⊂ ∨
+ = −

+

The induced map :
[ − , ],◦

( )→ ̂[ ]
( ) forgets the lattice − . We show that is a bijection.

For any ( + , ) ∈ ̂[ ]
( ), since = ♭ ⊕ ⟨ ⟩, we also have a decomposition ∨ = ♭,∨ ⊕ ⟨ ⟩. By

Lemma 12.2.1, ∈ ∨
+ is a primitive vector. Therefore, we have a decomposition

+ = ♭
− ⊕ ⟨ ⟩ and ∨

+ = − ♭
− ⊕ ⟨ ⟩,

where ♭
− ⊂ ♭ is a lattice. The inclusion + ⊂ has colength − + . Hence, the inclusion

♭
− ⊂ ♭ is a inclusion of colength − − . Therefore, ♭

− ⊂ ♭ is a vertex lattice of type − .

Define − := ♭
− ⊕⟨ ⟩. By Lemma 12.4.1, the triple ( + , − , ) defines a point in

[ − , ],◦
( ).

Conversely, for any ( + , − , ) in
[ − , ],◦

( ), it is straightforward to verify that ( + , )

defines a point in ̂[ ]
( ). Moreover, from the construction we see that this defines a bijection. □
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13. The proof of Conjecture 9.10.1 for type ( − , ) = ( , )

In this section, we prove the Conjecture 9.10.1 for type ( − , ) = ( , ). The proof proceeds as

follows. In §13.1, we first reduce Conjecture 9.10.1 to the inhomogeneous setting, allowing us to apply the

germ expansion results from [25] and [32]; see Theorem 13.5.1. Then, in §13.2, we recall the exceptional

isomorphisms: one between
[ ]
, and the Iwahori level Lubin–Tate moduli space ( ), and another

between
[ ]

and the (hyperspecial level) Lubin–Tate moduli space , as constructed in [31] and [32].

These isomorphisms allow us to relate the cycles ˜[ ],±
on

[ ]
, to canonical and quasi-canonical lifts on

( ), as studied in §13.3. We then compute the intersection multiplicity by reducing to calculations

involving canonical lifts in §13.4, and compare the outcome with the corresponding analytic computation

in §13.5.

13.1. Inhomogeneous setting. We reduce Conjecture 9.10.1 to the inhomogeneous setting. First,

since the bottom row of the diagram (9.5.1) is ( )-equivariant, the embedding
[ − ],◦

↪→ [ − , + ]
+

is ( )-equivariant. As the projection
[ − , + ]
+ → [ + ]

+ is also ( )-equivariant, the induced

embedding ˜[ ]
↪→ [ + , ]

+ is ( )-equivariant.

Since the group action on the splitting models is defined via changes in the framing object (just as for

RZ spaces), it follows that the intersection number in Conjecture 9.10.1 remains unchanged if we replace

= ( , ) ∈ ( ) with ′ = ( , − ). The same reduction applies on the analytic side via a

change of variables. Thus, without loss of generality, we may assume that

′( ) ∋ = ( , )←→ = ( , ) ∈ ( )

in Conjecture 9.10.1.

For ∈ ( ), recall from [21, §4] the definition of the function ♯ ∈ ( ( )) given by

♯( ) =

∫
( ♭)

( , ) , ∈ ( )( ). (13.1.1)

One also has ♯ for ∈ ( ′), whose precise definition is not needed here, see [21, (4.2.16)]. We

recall the following result:

Proposition 13.1.1. (i) The function ′ ∈ ( ′) is a transfer of ( , ) ∈ ( )× ( ) if and

only if ′,♯ is a transfer of ( ♯ , ♯ ) ∈ ( ( ))× ( ( )).

(ii) Let ′ ∈ ( ′) and ∈ ( )( ) , then

∂ (( , ), ′) = ∂ ( , ′,♯)

Proof. (i) is [21, Cor. 4.2.5], (ii) is [21, Cor. 4.2.4], see also [31, §5]. □

With this, we may now state the inhomogeneous version of Conjecture 9.10.1.

Corollary 13.1.2. Let be odd, and let = − . Conjecture 9.10.1, (ii) is equivalent to the following

statement:

• there exists ′ ∈ ( ( )) with transfer ( (
[ − ],◦

)−
[ + , ]
+ , ) ∈ ( ( )) × ( ( )) such

that, if ∈ ( ) is matched with ∈ ( )( ) , then〈˜[ ],+,
, ˜[ ],+,

〉
[ − ]× [ ],

+

· = − ∂
(

, ′).
Similarly, Conjecture 9.10.1, (iii) is equivalent to the following statement:
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• there exists ′ ∈ ( ) with transfer ( (
[ − ],◦

)− · [ + , ]
+ , ) ∈ ( ( )) × ( ( )) such

that, if ∈ ′( ) is matched with ∈ ( )( ) , then〈˜[ ],+,
, ˜[ ],−,

〉
[ − ]× [ ],

+

· = − ∂
(

, ′).
Here ∈ ( )( ) is an element in

[ − ] \ [ − ],◦
, and · [ + , ]

+ ( ) :=
[ + , ]
+ ( ).

Proof. By Proposition 13.1.1, we are reduced to computing(
(

[ − ],◦
)− [ − ],◦ ⊗ [ + , ]

+

)♯
, for some ∈ [ − ]

.

First, since
[ − ],◦ ⊂ [ − , + ]

+ ⊂ [ + ]
+ , for any ∈ [ − ],◦

and ∈ ( )( ), we have

[ + , − ]
+ ( ) = [ + ]

+
[ − ]
+

∗ [ − ]
+

[ + ]
+

( )

=

∫
( )

[ + ]
+

[ − ]
+

( ) [ − ]
+

[ + ]
+

( − )

=

∫
( )

[ + ]
+

[ − ]
+

( ) [ − ]
+

[ + ]
+

( − )

=

∫
( )

[ + ]
+

[ − ]
+

( ) [ − ]
+

[ + ]
+

( − )

=
[ + , − ]
+ ( ),

i.e., the Schwartz function
[ + , − ]
+ is left

[ − ],◦
-invariant. Therefore, for any ∈ [ − ]

, we have(
(

[ − ],◦
)− [ − ],◦ ⊗ [ + , ]

+

)♯
( ) = (

[ − ],◦
)−

∫
( ♭)

[ − ],◦ ( )
[ + , ]
+ ( )

= (
[ − ],◦

)−
∫

( ♭)
[ − ],◦( )

[ + , ]
+ ( )

= (
[ − ],◦

)−
[ + , ]
+ ( ).

The assertion then follows from [21, Cor. 4.2.4 and Cor. 4.2.5], see also [31, §5]. □

For the rest of the section, we take = and = .

13.2. Iwahori level Lubin-Tate moduli space and exceptional isomorphism. To describe the

cycles and compute the intersection numbers on the geometric side, we recall some constructions in [32,

§8 and §9].

Definition 13.2.1. (i) The Lubin-Tate moduli space of formal -modules of dimension and rela-

tive height is the formal scheme representing the functor over ˘ that associates to each ˘ -scheme

the set of isomorphism classes of pairs ( , ), where is a formal -module of dimension and

relative height over and : × → × is an -linear quasi-isogeny of height 0.

(ii) The Iwahori level Lubin-Tate moduli space ( ) is the formal scheme representing the functor over

˘ that associates to each ˘ -scheme the set of isomorphism classes of quadruples

( , ′, : −→ ′, ),

where and ′ are formal -modules of dimension and relative height over , is an -linear

isogeny of degree and : × → × is an -linear quasi-isogeny of height .
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From ( , ′, : → ′, ), we deduce the following composition of quasi-isogenies

′ : ′ ×
−
−→ × −→ × ( )−→ × ,

which is of height zero. Then the pullbacks ∗( ) and ∗
′( ) lift to principal polarizations of

and ′ of ′ since the same holds for the universal object over the Lubin-Tate moduli space . We

denote by ′ : ′ → the unique isogeny such that ◦ ′ = ( ) and ′ ◦ = ( ).

Consider the following framing object for
[ ]
, =

[ ]
(cf. [32, §8 and Ex. 9.4]):

( , , ) :=
(
× ,

( )
,− ( × )

)
.

We have an isomorphism ( ( )) ˘
→ [ ]

given by

( , ′, , ) 7−→
(
× ′,

(
′
)
,− ( × ′), × ′

)
, (13.2.1)

comp. [32, Prop. 8.2]. We consider another framing object

(˜ , ˜ , ˜ ) := ( × , × , × ).

By [32, Ex. 9.4], there is an -linear isomorphism

=

(
−

)
: ( , , ) −→ (˜ , ˜ , ˜ ).

Combining with (13.2.1), we have an isomorphism

( ( )) ˘
−→ [ ]

, ( , ′, , ) 7−→
(
× ′,

(
′
)
,− ( × ′), ◦ ( × ′)

)
. (13.2.2)

For the remainder of this section, we fix ˜ as the framing object for
[ ]
.

Next, we compare the group actions along the isomorphism (13.2.2). Let be the unique quaternion

algebra over and let ↪→ be the fixed embedding defined via . Recall from [32, §15.1] that for
(˜ , ˜ , ˜ ), we have

(˜ ) = ( ) = ( ), with -action 7−→

(
−

)
,

hence

◦ (˜ ) =

{( )∣∣∣∣∣ , ∈ , , ∈ −

}
,

where = ⊕ − is the eigenspace decomposition under the conjugation action of . The Rosati

involution is given by

7−→ † := −˜ ◦ ∨ ◦ ˜ ,

( )
7−→

( )
,

where 7→ is the main involution of . The unitary group ( ) may be explicitly presented as

( )( ) =

{( )( )
∈ ( )

∣∣∣∣∣ ∈ , ∈ −,

+ = , ∈

}
. (13.2.3)
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Let be the group of elements of norm . If we fix a basis element ∈ − ∩ , then we may also

express these presentations in terms of special embeddings into ( ):

=

( )( )
∈ ( )( ) ⊂ ( ) identifies with

(
−
)
∈ ( ).

Hence, we have = − ( − ) · = ( + ) = . In particular, lies in ( )( ) if and

only if = .

Next, we compare the actions of on ( ( )) ˘
with the action of ( )( ) ⊂ ( )( ) on

[ ]
.

Any ∈ × = ( )× with norm a unit in induces an action on the Iwahori level Lubin-Tate moduli

space by

( , ′, , ) 7−→ ( , ′, , ( ) ◦ ).

It acts on ′ via conjugation: ( ) ( ) ( )− = ( − ). By (13.2.1), this induces an action

on
[ ]

by

7−→

(
−

)(
−

)(
−

)−

=

(
+ − − −

− − + −

)
∈ (˜ ).

Write = + ∈ ⊕ −, then − = − . Hence under the isomorphism (13.2.2), the element

= + ∈ ( ) corresponds to

( )
∈ ( ) = (˜ ). The resulting identification ∼=

( )( ) is then given by

= + ∈ ←→

( )
∋ ( )( ).

Next, we recall the orbit matching in the inhomogeneous setting as described in [32, §15]. On the

symmetric space ( ) = ( ), we write an element as

=

( )
∈ ( ).

Then is regular semisimple if and only if ̸= , in which case we may write as (see [32, (15.1)])

= ( , ) :=

(
− /

)(
−( − )/

)
∈ ( )

for ∈ \ and ∈ ×. By [32, §15.2],

( , ) ∈ ( ) matches

( )(
′ ′

′ ′

)
∈ ( )( )

if and only if = ′ and − / = ( , ) = = .

13.3. Description of cycles. We describe the cycles ˜[ ]
and ˜[ ],±

under the exceptional isomorphism

(13.2.2). Recall from [32, (12.1)] that there is an embedding
[ ]

↪→ [ ]
, identifying

[ ]
with the special

cycle ( ), where =

( )
∈ ( , ˜ ).

By [32, Ex. 12.2], there is also a closed embedding ˘ ↪→ ( ( )) ˘
given by sending the canonical

lift ( , ) to ( , , ( ), ). This identifies with the embedding
[ ]

↪→ [ ]
under the isomorphism

(13.2.2).
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By [32, Ex. 12.2], the cartesian diagram (9.5.1), after applying the exceptional isomorphism (13.2.2),

becomes
[ ],◦

□

� � //

��

[ , ]

��

[ ] � � // [ ]

←→

˘ ⨿ ˘

□

� � //

��

( ( )) ˘
⨿ ( ( )) ˘

��

˘
� � // ( ( )) ˘

,

where the upper horizontal arrow respects the disjoint sum decomposition.

Next, the composition of maps
[ ],◦

↪→ [ , ] −→ [ ]

becomes in terms of the exceptional isomorphism

˘ ⨿ ˘ ↪→ ( ( )) ˘
⨿ ( ( )) ˘

−→
˘
⨿

˘
,

where is the disjoint sum of two morphisms , : ( ( )) ˘
→

˘
. Here maps ( , ′, , )

to ( , ) and maps ( , ′, , ) to ( ′, ′), comp. [32, diagram on page 1126]. In particular, the

composition is the standard canonical lift to the Lubin-Tate moduli space on each summand, see [32,

Ex. 12.2].

Under the exceptional isomorphism, the diagram (9.6.2) now becomes

˜[ ]

□

� � //

��

( ( )) ˘
⨿ ( ( )) ˘

��

˘ ⨿ ˘
� � //

˘
⨿

˘
.

(13.3.1)

In particular, we have the decomposition ˜[ ]
= ˜[ ],+ ⨿ ˜[ ],−

, where ˜[ ],+
= ∗

˘ and ˜[ ],−
=

∗
˘, such that

˜[ ],+ ⨿ ˜[ ],−
= ∗

˘ ⨿ ∗
˘ ⊂ ( ( )) ˘

⨿ ( ( )) ˘
. (13.3.2)

By Miracle flatness [Stacks, 00R4], the projection maps : ( ) → are finite flat for ∈ { , }.
Therefore, the composition ˜[ ] → [ ],◦ → ˘ is flat, hence Conjecture 9.6.1 holds in this case.

To give a more precise description of ˜[ ]
, we recall the quasi-canonical lifting divisors of ( ),

introduced in [38, §3.2]. For any ≥ , let ( , ) be the quasi-canonical divisor on of level over

:= , see [38, Def. 3.1].

Proposition 13.3.1 ([38, Prop. 3.6]). For any ≥ , let

( ) :=

{
− if ≥ ;

if = .

For all ≥ , there exist quasi-canonical lifts of level with a morphism : ( ) → such that

the following diagrams commute:

⊗
⊗
//

��

⊗
′

��( )
//

and

( ) ⊗
⊗
//

( )

��

⊗

��( )
// ,

(13.3.3)

https://stacks.math.columbia.edu/tag/00R4
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where ≥ in the second diagram. These define Weil divisors ,+ isomorphic to of ( ( )) ˘
∼=

[ ]
. The morphism

,+ −→ ( ( )) ˘
−→

˘

induces an isomorphism from ,+ to its image .

By taking the dual isogenies, for all ≥ , we obtain morphisms ′ : → ( ) with commuting

diagrams similar to (13.3.3), see [38, after (3.13)]. This defines Weil divisors ,− ↪→ ( ( )) ˘
such

that the morphism

,− −→ ( ( )) ˘
−→

˘

induces an isomorphism from ,− to its image . Note that for = we have ,+ = ,−; we set

= ,+ = ,−.

By [38, Lem. 3.8], we have the following relations as Weil divisors:

˜[ ],+
= ,+ + , and ˜[ ],−

= ,− + . (13.3.4)

Lemma 13.3.2. There are the following equalities as divisor classes in
˘
,

∗
∗ = + , ∗

∗ = ( + ) ,

∗
∗ = + , ∗

∗ = ( + ) .

Proof. Without loss of generality, we prove the identities in the first line. By Proposition 13.3.1, the

restriction : ,+ → is an isomorphism. Hence ∗ ,+ = . Therefore, ∗
∗ = ∗( +

,+) = + . On the other hand, is a finite flat map of degree + (comp. [38, Lem. 2.6]),

hence ∗
∗ = ( + ) . □

13.4. Intersection numbers. From now on, we identify ,± with its image in
[ ]

under the isomor-

phism
[ ] ∼= ( ( )) ˘

. The relation to the splitting model is as follows. Let ,± ⊂ [ ],
be the strict

transform of ,± under the blow up
[ ], → [ ]

, . We write again = ,+ = ,−.

Proposition 13.4.1 ([38, Prop. 3.10]). For any integer ≥ , ,± is a Cartier divisor of
[ ],

. The

blow-up map
[ ], → [ ]

induces an isomorphism ,± ∼= ,±. In particular, ,± ∼= . □

We can now compute the intersection numbers in Conjecture 9.10.1, (ii).

Proposition 13.4.2. Let =

( )(
′ ′

′ ′

)
∈ ( )( ) , expressed in the presentation (13.2.3).

Then

〈˜[ ],+,
, ˜[ ],−,

〉
[ ]× [ ],

=

{
( + )( ( ′) + ) if ≡ ,

( ′) + if ≡ − ,

Here denotes the natural extension of the normalized valuation on to , i.e., ( ′) = ( ′¯ ′).

Proof. Since the reduced locus of
[ ] ∼= ( ( )) ˘

is a single point, by the same reasoning as in the

proof of [31, Prop. 8.10], the problem reduces to computing the length of the intersection, which is an

Artinian scheme,

(˜[ ],+, ∩ ˜[ ],−.
).
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By the description of cycles (13.3.4) in
[ ]

and the definition of the splitting cycles in §9.8, we have˜[ ],+,
= ,+ + , and ˜[ ],−,

= ,− + .

By Proposition 13.4.1, the restrictions of the forgetful map
[ ], → [ ]

to quasi-canonical divisors are

isomorphisms. Therefore, we obtain an isomorphism˜[ ],+, ∩ ˜[ ],−. ∼= ˜[ ],+ ∩ ˜[ ],−
.

Hence the intersection number equals (˜[ ],+ ∩ ˜[ ],−
).

Write =

( )
and =

(
′ ′

′ ′

)
, so that = . We have

(˜[ ],+ ∩ ˜[ ],−
) = ( − ˜[ ],+ ∩ ˜[ ],−

).

We begin by considering the action of − on ˜[ ],+
. Recall from (9.6.2) that ˜[ ]

= ˜[ ],+ ⨿ ˜[ ],−

is defined via the base change of the embedding
[ ],◦

↪→ [ ]
. We claim that − stabilizes the two

connected components of
[ ],◦

when ≡ and interchanges them when ≡ − . As a

consequence, we see that

− ˜[ ],±
=

{ ˜[ ],±
if ≡ ,˜[ ],∓
if ≡ − .

To prove the claim, note that the automorphism − :
[ ] → [ ]

preserves the embedding
[ ]

↪→ [ ]
.

By (9.5.1), the automorphism − :
[ , ] → [ , ]

preserves the embedding
[ ],◦

↪→ [ , ]
. When ≡

, we have ( − ) = , so − preserves the two connected components
[ , ]

=
[ , ],+ ⨿ [ , ],−

,

hence maps
[ ],±

to
[ ],±

, which is in fact an isomorphism by the commutative diagram (9.5.1). When

≡ − , we have ( − ) = − , so − interchanges the two components of
[ , ]

and induces

isomorphisms
[ , ],± → [ , ],∓

. Again, by the diagram (9.5.1), − restricts to isomorphisms
[ ],±

to
[ ],∓

.

We conclude that

(˜[ ],+, ∩ ˜[ ],−.
) =

{
(˜[ ],+ ∩ ˜[ ],−

) when ≡ ,

(˜[ ],− ∩ ˜[ ],−
) when ≡ − ,

where =

(
′ ′

′ ′

)
∈ ( )( ) corresponds to = ′ + ′ ∈ ⊂ ⊕ −.

Passing through the exceptional isomorphism
[ ] ∼= ( ( )) ˘

, the problem reduces to computing

the length of certain closed subschemes in Iwahori level Lubin-Tate moduli spaces:

(˜[ ],± ∩ ˜[ ],−
).

Recall the description of ˜[ ],± ⊂ ( ( )) ˘
in (13.3.2) as pull-back of quasi-canonical lifts,

˜[ ],+
= ∗( ), ˜[ ],−

= ∗( ). (13.4.1)

Recall that the projection map : ( ) → is defined by ( , ′, , ) 7→ ( ′, ′) where ′ =

( ) ◦ . It follows that

,∗( ) = ,∗( · ), ,∗( ) = ,∗(
− · ).

By the projection formula, we have

( ∗ ∩ ∗( ) = ( ∩ ,∗
∗( ).
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Combining with the discussions above and Lemma 13.3.2, we conclude that

(˜[ ],+, ∩ ˜[ ],−.
) =

{
( + ) ( ∩ ( ′ + ′) · ) when ≡
( ∩ ( ′ − ′) · ( + )) when ≡ − ,

(13.4.2)

where we note that = ′ + ′ and − = ′ − ′.

To compute the length, recall from [32, §6.2] that for any ̸= ∈ , the special divisor ( ) is

defined as the locus of where the element ∈ ( , ) lifts to a homomorphism → , where

is the universal family over . By [32, Prop. 7.1], we have

= ( ), + = ( ),

hence

( ′ + ′) = (( ′ + ′)), ( ′ − ′)( + ) = (( ′ − ′) ).

Let ∈ be any element. From the moduli description, the intersection ∩ ( ) is the closed sublocus

of where the endomorphism ∈ ( , ) lifts to the canonical lift over . By Gross’s formula

[42, Thm. 2.1], writing = + ∈ + −, the length of this intersection is ( ) + . The proposition

then follows from (13.4.2). □

Following the same argument, we compute the other intersection numbers in Conjecture 9.10.1, (ii).

Proposition 13.4.3. Let =

( )(
′ ′

′ ′

)
∈ ( ) expressed in the presentation (13.2.3). Then

〈˜[ ],+,
, ˜[ ],+,

〉
[ ]× [ ],

=

{
( + )( ( ′) + ) when ≡ −
( ′) + when ≡ ,

□

13.5. Proof of Conjecture 9.10.1 for type ( − , ) = ( , ). Recall the following germ expansion

result. We define the set of semi-simple but irregular elements as

:=

{( )
∈ ( )

∣∣∣∣∣ , ∈

}
.

For = , , let , be the set of elements in matching an element in ( ) .

Theorem 13.5.1 ([32, Thm. 15.1]). Let ′ ∈ ( ( )) transfer to ( , ) ∈ ( ( ))× ( ( )),

and let = ( , ) ∈ . Let ∈ { , }. If = , then there is the following germ expansion for

= ( , ) ∈ , in a neighborhood of

∂ ( , ′) = ( ( , ), − ) | − |+ ,

where is a constant depending on , ′, and , but not on . Here | | denotes the natural extension

to of the normalized absolute value on . □

We compute the orbital integrals along semisimple but not regular orbits. Recall from §9.7 that we

have ˜[ ]
= {( ♭, , [ ]) ∈ ( ♭ )× ( )× ( ) | ♭ k ⟨ ⟩ ⊃ ⊂ [ ]}.
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Let ♭ = ⟨ ♭⟩ with ( ♭, ♭) = . Our notation here agrees with the last displayed equation in [32, p.

1162]. According to the discussion before [32, (15.4)], there are two -modular lattices contained in

⟨ ♭⟩k ⟨ ⟩, which are given by

± = (⟨ ♭⟩k ⟨ ⟩) + ( ± ♭).

Hence we have the decomposition

˜[ ]
= ˜[ ],+ ⨿ ˜[ ],−

= { [ ] ∈ ( ) | + ⊂ [ ]} ⨿ { [ ] ∈ ( ) | − ⊂ [ ]}. (13.5.1)

The action of ( , ) on the pair { +, −} is discussed in [32, Before (15.4)]. When ≡ , then

( , ) preserves the two lattices and when ≡ − , the two lattices are interchanged.

Lemma 13.5.2. For any = ( , ) with , ∈ , we have:

#(˜[ ],+ ∩ ˜[ ],+
) [ ]× [ ] =

{
+ if ≡ ,

if ≡ − .

Proof. The element acts on the lattice model

˜[ ]
↪→ [ ],◦ × [ ]

via its action on the
[ ]
, sending ( ♭, , [ ]) to ( ♭, , [ ]). From the description (13.5.1), we see that

(˜[ ],+ ∩ ˜[ ],+
) [ ]× [ ] = {( [ ] ∈ ( ) | + ⊂ [ ], − + ⊂ [ ]}.

When ≡ , we have + ∩ − + = +, hence the RHS is the set of self-dual lattices [ ] ⊃ +,

which is in one-to-one correspondence with the set of isotropic lines in the two-dimensional symplectic

space ∨/ . There are exactly + such lines.

When ≡ − , we have + + − + = + + −. The RHS parameterizes the set of self-dual

lattices [ ] ⊃ + + −. However, + + − is a self-dual lattice, hence [ ] = + + − is uniquely

determined. □

Lemma 13.5.3. For any ∈ [ ]
and , ∈ , the irregular orbital integrals of (

[ ],◦
)− · [ , ]

are given by

( ( , ), (
[ ],◦

)− · [ , ]
) =

{
( + ) if ≡ ,

if ≡ − .

Proof. The conjugation action of ( ) on diagonal matrices is trivial, hence the orbital integral equals

( ( , ), (
[ ],◦

)− · [ , ]
)

= (
[ ],◦

)−
∫

∈

[ , ]

((
−

)( )( ))

=
( )

(
[ ],◦

)

[ , ]

(( ))
=

[ , ]

(( ))
.

The results now follows from the lattice description in §9.7 for the orbital integral and the lattice counting

in Lemma 13.5.2. For further discussion on the relation to the lattice model, see [20, §4]. □
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Proof of Conjecture 9.10.1. By Corollary 13.1.2, the problem reduces to the inhomogeneous version. Let˜′ with transfer ( (
[ ],◦ · [ , ]

, ) ∈ ( ( ))× ( ( )). Let ∈ ( ( ) ) be defined by

( ) :=


〈˜[ ],+,

, ˜[ ],−,
〉

[ − ]× [ ],
+

· + ∂
(

, ′) when ∈ ( ) , ,

when ∈ ( ) , .

Let = ( , ) ∈ . By Proposition 13.4.3, Theorem 13.5.1, and Lemma 13.5.3, there is a constant

such that for any ∈ ( ) , in a small neighborhood of

( ) =

{
+ + if ≡ − ,

+ if ≡ .
(13.5.2)

and such that ( ) = when ∈ ( ) , .

The intersection number is conjugation invariant, and the derivative of the orbital integral of our

smooth transfer is conjugation invariant (cf. [25, Lem. 3.3]). Hence the function ( ) is conjugation

invariant. By (13.5.2) the function satisfies the hypotheses of [25, Cor. 3.8]. Hence there exists ′

such that ( ) = ( , ′ ) for all ∈ ( ) . By [31, Lem. 5.13], there exists ˜′ transferring to

( , ) ∈ ( ( )) × ( ( )) and such that ∂ ( , ˜′ ) = ( , ′ ) for all ∈ ( ) . The function
′ = ˜′+˜′ then transfers to ( (

[ ],◦
)− · [ , ]

, ) ∈ ( ( ))× ( ( )) and satisfies the identity〈˜[ ],+,
, ˜[ ],−,

〉
[ ]× [ ],

· + ∂
(

, ′) =
for all ∈ ( ) , .

By Proposition 13.4.3, Theorem 13.5.1, and Lemma 13.5.3, a similar argument applies to the inter-

section number
〈˜[ ],+,

, ˜[ ],+,
〉
. □
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