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Abstract

We provide a moduli description of the ramified unitary local model of signature ( − , )
with arbitrary parahoric level structure, assuming the residue field has characteristic not equal
to , thereby confirming a conjecture of Smithling [Sm15]. Our approach involves writing down
explicit equations for the special fiber and proving that they define a normal, Cohen–Macaulay
scheme, which is also of independent interest. As applications, we obtain moduli descriptions for:
(1) ramified unitary Pappas–Zhu local models with arbitrary parahoric level; (2) the irreducible
components of their special fiber in the maximal parahoric case; (3) integral models of ramified
unitary Shimura varieties with arbitrary (quasi-)parahoric level.
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1 Introduction

1.1 Background

Given a Shimura variety ( , ) defined over the reflex field , one of the fundamental problems in
arithmetic geometry is constructing and studying nice integral models of ( , ) defined over the
ring of integers . While those integral models have very complicated geometric structures, their
local behaviors can be governed by some schemes defined in terms of linear algebra data, which are
called local models.

To be more precise, suppose is the completion of at a non-archimedean place. Ideally, given
an integral model ( , ) of the Shimura variety over , there exists a corresponding local model

( , ) over , and vice versa. Moreover, their geometric structures are related by the local model
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diagram: ˜ ( , )

yy

˜
&&

( , ) ( , ),

where is a principal homogeneous space of a smooth group scheme over , and ˜ is a smooth
morphism. These morphisms have the same relative dimension, hence ( , ) and ( , ) are étale
locally identified; cf. [RZ96]. Consequently, we can reduce questions of local nature about ( , ) to
the corresponding questions about ( , ). Since local models are constructed from linear algebra
data, they should be easier to study than the integral models ( , ).

Motivated by this, it is natural to ask for the existence of “nice” local models. In the cele-
brated paper [PZ13], Pappas and Zhu gave a uniform group-theoretic construction of the local models
for tamely ramified groups. Their construction was further refined by He, Pappas, and Rapoport
[HPR20], among others work. For tamely ramified groups, such refined model has been confirmed to
be “canonical” in the sense of Scholze-Weinstein, cf. [HPR20, Corollary 2.17].

On the other hand, since the group-theoretic construction cannot provide a moduli description,
it remains an interesting problem to find a moduli description for Pappas-Zhu’s model. In the PEL
setting, Rapoport and Zink [RZ96] constructed natural moduli functors for integral models of Shimura
varieties and their associated local models based on lattice-theoretic data. However, Pappas [Pa00]
observed that these functors may fail to be flat. It is now known that the Pappas–Zhu model is a closed
subscheme of the Rapoport-Zink model, see, for example, [HPR20, Lemma 4.1]. The task is therefore
to modify the Rapoport–Zink’s moduli functor so that it describes the Pappas–Zhu model.

1.2 Ramified unitary local model

In this paper, we focus on the local model associated with the unitary group defined by a hermitian form
over a quadratic extension / of a -adic field. When / is split or unramified, only algebraic
groups of type are involved, and Görtz [Gö01] has shown that the corresponding Rapoport–Zink
models are flat. In contrast, when / is ramified, the associated Rapoport-Zink models may fail to
be flat, see [Pa00].

To be more precise, let / be a ramified quadratic extension of -adic fields with ̸= 1. Let
( , ) be an / -hermitian space of dimension ≥ 2 and let := ⌊ / ⌋. When the hermitian form
splits3, the conjugacy classes of parahoric subgroups of ( ) can be labeled by nonempty subsets
⊂ { , · · · , } satisfying the condition

if is even, then − ∈ ⇒ ∈ (for odd , no condition on is imposed). (1.2.1)

These index sets relate to the local Dynkin diagram; cf. [PR08, 4.a] or §5.1.1.
We also fix a pair ( , ) with + = , called the signature. In this paper, we focus on the case

( , ) = ( − , ). Given such data, we define the Rapoport-Zink local model ( , ) associated
with the quasi-split unitary group ( ), This is called the “naive” local model, since it is not flat in
general; see §2.2 for the precise definition.

In [PR08, §11], Pappas and Rapoport defined the local model ( , ) as the scheme-theoretic
closure of the generic fiber of ( , ). This model coincides with the corresponding Pappas-Zhu
local model, cf. Proposition 6.1.3. As a first step toward a moduli description of ( , ), Pappas
[Pa00] introduced the wedge condition to the moduli functor; cf. §2.3. Let ∧( , ) denote the closed
subscheme of ( , ) defined by the wedge condition, this give rise to a chain of closed subschemes
of the naive model, which are equalities when restricting to the generic fibers:

( , ) ⊂ ∧( , ) ⊂ ( , ).

In the self-dual maximal parahoric case, i.e., when = { }, Pappas conjectured that ∧
{ }( , ) =

{ }( , ), and verified this for the signature ( , ) = ( − , ).

1Let us note that the case = is fundamentally more difficult and is not excluded merely for the sake of simplicity, we
maintain this assumption throughout the paper.

2The case when ≤ is well-understood and has different patterns; cf. for example, [RSZ18, §8].
3The case where the hermitian form is non-split, so that the unitary group ( , ) may be non-quasi-split, will be treated

in §6.1.
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However, for the other index sets , the wedge condition is not enough. The next advance came in
[PR09] where Pappas and Rapoport introduced the spin condition; cf. §2.3. Denote by ( , ) the
closed subscheme of ∧( , ) defined by this condition, they conjectured that ( , ) = ( , ).
Later, Rapoport, Smithling and Zhang [RSZ17] verified that when is even, the inclusion { }( −
, ) ⊂ { }( − , ) is an equality. In earlier work [Sm11, Sm14], Smithling showed that the spin

models have the same underlying topological space as the local models under the inclusion ( , ) ⊂
( , ). However, in [Sm15], in response to a question of Rapoport, he showed that { }( − , )

is not equal to { }( − , ) when ≥ is odd4. In the same paper, Smithling introduced the

strengthened spin condition, which defines a closed subscheme ( , ); cf. §2.4. The strengthened spin
model fits into the chain of closed immersions:

⊂ ⊂ ⊂ ∧ ⊂ .

Smithling conjectured that ( , ) = ( , ), and confirmed this in the case = { } with
( , ) = ( − , ) for odd ≥ . Later, Yu verified in her thesis [Yu19] that when = , we have

{ − , }( − , ) = { − , }( − , ).

The main result of this paper is the following:

Theorem 1.2.1 For any nonempty subset ⊂ { , , · · · , } satisfying (1.2.1), the inclusion ( − , ) ⊂
( − , ) is an equality. In other words, for signature ( − , ), the quasi-split ramified unitary local model

is represented by the strengthened spin model.

Remark 1.2.2 Theorem 1.2.1 also holds when / = ( )/ ( ) is a ramified quadratic extension of function
fields with = , where is a perfect field of characteristic ̸= .

We further obtain a moduli description of the Pappas-Zhu model associated with any / -
hermitian space ( , ) where / is a ramified quadratic extension of -adic fields with ̸= . See
§6.1 for details.

Suppose ( , { }, ) is a local model triple [HPR20, §2.1] where = ( , ) is the unitary simili-
tude group of the hermitian space ( , ). Assume that the geometric cocharacter class { } gives the
signature ( − , ), and is a parahoric subgroup of ( ). The result is the following:

Theorem 1.2.3 The Pappas-Zhu local model ( , { }) is represented by the moduli functor ( , ) defined
in §6.1.4.

Remark 1.2.4 The moduli functor here is defined only with the strengthened spin condition. In particular, we
do not need to impose the Kottwitz condition or the wedge condition, see Remark 2.4.2.

1.3 Ramified unitary local models of strongly non-special parahoric
subgroups

Using the theory of (partial) affine flag varieties and their relation to local models, we can reduce the
proof of Theorem 1.2.1 into the cases when the parahoric subgroups are maximal; see §5 for details of
the reduction. Furthermore, we will focus on the following cases.

Definition 1.3.1 Suppose ≥ . A non-empty subset ⊂ { , , · · · , } is called strongly non-special if: (1)
it equals a singleton set { }; (2) when = , is not equal to , − , ; (3) when = + , is
not equal to , .

In §2.1.2, we will relate non-empty index sets with parahoric subgroups. A strongly non-special
index set will correspond to a maximal parahoric subgroup which is neither special nor self-dual.
Note that the first example of strongly non-special index appears when = and = .

We will prove that when the index is strongly non-special, the strengthened spin models represent
the local models:

4For another counterexample, see [RSZ18, Remark 9.14].
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Theorem 1.3.2 Let ≥ , suppose the signature is ( − , ) and = { } is strongly non-special.

(i) The strengthened spin model { } represents the local model { }. It is flat, normal, and Cohen-Macaulay

of dimension .

(ii) The special fiber { }, is reduced and has two irreducible components and , each of which is normal

and Cohen-Macaulay of dimension − .

(iii) The intersection of the irreducible components ∩ is an irreducible quadratic cone of dimension − ,
which is normal and Cohen-Macaulay.

(iv) Let the “worst point” be the unique closed Schubert cell contained in the special fiber of the local model;
cf. Lemma 3.1.1. The closed subvarieties , , and their intersection ∩ are all singular, and their
singular locus consists solely of the worst point. In particular, the local model { } does not admit a semi-stable

reduction.

(v) (§6.2) The irreducible components and , as well as their intersection ∩ , have moduli descriptions.

Remarks 1.3.3 (i) We exclude the cases = { } and = { } for all , and the case = { − , } when
is even, since they already appear in [Pa00, Sm15, Yu19], and they have different geometric structures. But

our proof generalizes to all those cases except when = { } for = ; cf. Remarks 4.3.6.

(ii) All those properties, including the moduli descriptions of the irreducible components of the special fiber,
also apply to the ramified unitary Pappas-Zhu model ( , { }) of signature ( − , ) when is a strongly
non-special parahoric subgroup. For instance, they remain valid for the local model associated with a non-split
Hermitian space ( , ). See §6.1 for more comments.

(iii) Some results in Theorem 1.3.2 have been proved using the group-theoretic data. For instance, by [PZ13]
(resp. [HR22]), all the ramified unitary local models are normal (resp. Cohen-Macaulay). By [HPR20], the
ramified unitary local models with a strongly non-special parahoric level structure do not admit semi-stable
reductions. Comparing to their proofs, ours are more ad hoc and direct.

(iv) Let ∗ ∈ { } denote the worst point of the local model. It is proved in [HLS24, Corollary 1.3.2] that the

complement { } \ {∗} admits a semi-stable reduction.

(v) As a by-product, we also verify that the local model { } is Gorenstein when = + . Determining

whether the local model is Gorenstein in the remaining cases remains an interesting open question, see also
Remark 4.2.4.

To compare the strengthened spin model with the local model, it suffices to verify that the special
fiber of the strengthened spin model is reduced, since both models are topologically flat; cf. §2.5.

Using the equivariant action of the loop group, we can further restrict to an affine neighborhood

{ } of the worst point in the strengthened spin local model { }; cf. §3.1. The proof of Theorem
1.3.2 then follows from the following explicit computation of { }:

Theorem 1.3.4 Let { } be the open affine chart defined in the previous paragraph. Given a matrix of

indeterminates, let
∧

denote the set of all its -minors. Let = be the ring of the integers in , with
perfect residue field . Under the same assumption as in Theorem 1.3.2, we have:

(i) The open affine chart { } is isomorphic to the spectrum of the ring

≃ [ , ]∧
( , ), − , ( )−

.

Here , resp., 5 is a matrix of indeterminates of size ( − )× ( − ), resp., ( − )× , and
is the anti-diagonal unit matrix of size ( − )× ( − ).

(ii) The special fiber { }, of the open affine chart is isomorphic to the spectrum of the ring

≃ [ , ]∧
( , ), − , ( )

.

The ring is reduced and Cohen-Macaulay of dimension − .

(iii) The affine chart { }, has two irreducible components, isomorphic to the spectra of the rings

, ≃
[ , ]

,
∧ and , ≃

[ , ]∧
( , ), − , ( ),

.

Both are normal and Cohen-Macaulay of dimension − , with the singular locus defined by = , = .

5The and we define here is the same as in (4.2.1), but different from and in (3.1.4).
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(iv) The intersection of , and , is isomorphic to the spectrum of the ring

, ≃ [ , ]

,
∧

,
.

The scheme , is normal, Cohen-Macaulay, and irreducible of dimension − , with the singular locus
defined by = , = .

The main body of the paper will focus on the proof of Theorem 1.3.4 (ii) and (iv). Part (i) of the
theorem is irrelevant to the main result, and its proof will be postponed to Section 8. Part (iii) of the
theorem will be a consequence of (ii) and (iv).

To get the defining equations in (ii), we mimic Arzdorf’s computation [Ar09], which is further
generalized in [Sm15, Yu19]. We explicitly write down the defining equations of the ring using the
“worst term”; cf. Definition 3.3.10. We then show that is Cohen-Macaulay and generically smooth.
By Serre’s criterion, it follows that is reduced; see Corollary 4.2.7. This part is based on Conca’s
work about the symmetric determinant varieties [Co94-1, Co94-2]. Next, we prove that , is normal
using a Gröbner basis computation. The remaining assertions follow from conceptual arguments.

Remark 1.3.5 (i) The commutative algebra results in Theorem 1.3.2, in particular the normal and Cohen-
Macaulay properties of , and , , may be of independent interests.

(ii) It is quite interesting to point out that the defining equations of the local models { } given in Theorem

4.2.1 look the same for even and odd . From the group-theoretic point of view, these two cases are expected
to be different. For instance, they have different types of local Dynkin diagrams. The same phenomenon also
appears in the orthogonal setting: the even and odd dimensional special orthogonal groups fall into two classes
of (local) Dynkin diagrams. But the defining equations of the local models have the same form; see [Za23].

Another interesting phenomenon concerns the singularity structure. In both the unitary and orthogonal cases,
the only singular point on each irreducible component of the special fiber is the worst point. Moreover, blowing
up the worst point yields a regular integral model. The orthogonal case is treated in [PZa22]. For the ramified
unitary case, this was first studied by Krämer in [Kr03] for self-dual level, and later extended to all vertex
levels in [HLS24].

1.4 Moduli description of the local model of the unitary group

For the reader’s convenience and future reference, we briefly summarize the moduli description of the
unitary local models of signature ( − , ), with appropriate citations. The axioms LM1-LM8 used here
are listed in §2.

We start with the relative setup. Let be a -adic local field and let be an étale quadratic
extension of . Let ( , ) be a / -hermitian space. Consider now the unitary similitude group

= ( , ) defined over . After base change to an algebraic closure , the group splits as ≃
× .
We fix a minuscule cocharacter given by 7→ ( , ( ( ), ( − ))), corresponding to the signa-

ture ( − , ) considered in this paper. Let = { } ∈ be a self-dual lattice chain in the sense of
[RZ96, Chapter 3]. These data determine the (Pappas-Zhu) local model ( , { }).

When / is split or unramified, the local model can be defined by the axioms LM1-LM5 (see
§2.2) and is flat with semi-stable reduction, as shown in [Gö01], see also [RSZ21, Appendix A] for the
case when = .

When / is ramified and ̸= , the local model is defined using the axioms LM1-LM4 and LM8.
It is flat, normal, and Cohen-Macaulay.

In certain special cases, the moduli description can be simplified, as discussed in §1.2. These
cases are summarized in the table below. Moreover, in some cases, there exist variants of the inte-
gral model—often referred to as splitting models—which are not canonical models in the sense of
Scholze–Weinstein, but exhibit better geometric properties; we include these in the comments.

Index Moduli Reference Comments

= { }
(self-dual)

LM1-LM6 [Pa00] Semi-stable model with moduli description [Kr03]

= , = { }
( -modular)

LM1-LM6+LM7 [RSZ17] A variant of spin condition is in [RSZ17, §3.1]

= + , = { }
(almost -modular)

LM1-LM5+LM8 [Sm15] Semi-stable model without moduli description [Ri13]
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=

= { − , }
LM1-LM5+LM8 [Yu19] Semi-stable model with moduli description [Yu19]

strongly non-special LM1-LM5+LM8 Thm. 1.3.2
Splitting model with moduli description [ZZ24]

Semi-stable model without moduli description [HLS24]

arbitrary LM1-LM5+LM8 Thm. 1.2.3

Remark 1.4.1 (i) For ≤ , the moduli description of the integral models admits further refinements, see
[LRZ25, Remarks 5.2.1].

(ii) For = , only partial results are available; see the works of Kirch [Ki18] and J. Yang [Ya24].

For global applications, we are also interested in the algebraic group over defined by

:= { ∈ / ( ) | ( ) ∈ , },

where ( ) denotes the similitude factor. After base change to an algebraic closure, we have

⊗ ≃ × ( )[ : ].

We choose the nontrivial cocharacter for one of the and take the trivial cocharacter for the others.
See [RSZ21, §2.2] for a more detailed discussion. In this case, the (absolute) Pappas-Zhu local model

( , { }) is well-behaved, thanks to the work of Levin [Le16]. A moduli description of this model
has been studied by several authors [PR03, PR05, RZ17, Mi22, RSZ21, KRZ24], using the Eisenstein
condition, and has been extended to full generality in [LMZ25]. We refer the reader to [LMZ25, §3] for
a comprehensive treatment of this question, which is independent of the content of this paper.

1.5 The structure of the paper

The organization of the paper is as follows. In Section 2, we review different moduli functors related
to the ramified unitary local models with the split hermitian form, including the naive, wedge, spin,
and strengthened spin models. We will also define the local model and discuss its relations with those
moduli functors. In Section 3, we focus on the strongly non-special case. We will translate the axioms
defining the strengthened spin models into commutative algebra relations. In Section 4, we simplify
those relations and study the geometric properties of the strengthened spin model for the strongly non-
special parahoric subgroup, in particular, we deduce Theorem 1.3.4 (ii)-(iv). In Section 5, we review
the theory of affine flag varieties, and use them to prove Theorem 1.2.1. In Section 6, we give moduli
descriptions for any ramified unitary local models with signature ( − , ), whose hermitian form are
not necessarily split. We will also discuss a moduli description of the irreducible components of the
special fibers local model in the strongly non-special case. Then, we will give a global application to
Shimura varieties. In Section 7, we give the proofs of some propositions left in Section 3. In Section
8, we give the defining equations of the local model at an affine neighborhood of the worst point over
the ring of integers.
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2 The moduli problems

In this section, we review the definitions of , , ∧, and from [PR09], and the strengthened
spin model from [Sm15].
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2.1 Basic setup

2.1.1 Notation

Assume / is a quadratic extension of complete discrete valuation rings with the same perfect
residue field with ( ) = ̸= and uniformizers , resp. such that = .

We will work with a fixed integer ≥ . For ∈ { , · · · , }, we write

∨ := + − .

For ∈ { , · · · , }, we write
∗ := + − .

For ⊂ { , · · · , }, we write

∗ = { ∗ | ∈ } and ⊥ = { , · · · , } \ ∗.

We also define ∑
:=

∑
∈

.

For a real number , we write ⌊ ⌋ for the greatest integer ≤ , and ⌈ ⌉ for the least integer ≥ .
We write , · · · , ̂ , · · · , for the list , · · · , with omitted.

Suppose is a scheme defined over a discrete valuation ring ; we will denote by (resp., )
the generic (resp., special) fiber of the scheme.

2.1.2 Linear algebra setup of the split hermitian form

Consider the vector space with the standard -basis , · · · , . Consider the split / -Hermitian
form

: × → , ( , ) = ¯ ∨ , , ∈ ,

where 7→ ¯ is the nontrivial element of ( / ). Attached to are the respective “alternating”
and “symmetric” -bilinear forms × → given by

⟨ , ⟩ := / ( − ( , )) and ( , ) := / ( ( , )).

For each integer = + with ≤ < , define the standard -lattices

:=
∑
=

− − +
∑
= +

− ⊂ . (2.1.1)

For all , the ⟨ , ⟩-dual of in is − , by which we mean that

{ ∈ | ⟨ , ⟩ ⊂ } = − .

We have a perfect -bilinear pairing:

× −
⟨ , ⟩−−→

Similarly, − is the ( , )-dual of in . The ’s forms a complete, periodic, self-dual lattice chain

· · · ⊂ − ⊂ − ⊂ ⊂ ⊂ ⊂ · · · .

Let ⊂ { , . . . , } be a nonempty subset satisfying (1.2.1), and let + = be a partition. Let

= if ̸= and = if = .

This field correspond to the reflex field of the unitary similitude Shimura variety. We will always
assume = + ≥ , and ( , ) = ( − , ) for our result.
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The unitary similitude group we are interested in is defined as a reductive group over , such
that given any -algebra , we have

( , )( ) = { ∈ ( ⊗ ) | ⟨ , ⟩ = ( )⟨ , ⟩, ( ) ∈ ×}.

We define the group as a smooth group scheme over , which represents the moduli problem
that associates each -algebra to the group

( ) = { ∈ ( , )( ⊗ ) | ( ⊗ ) = ⊗ ,∀ ∈ }.

And ◦ is defined as the neutral connected component of . We define := ( ), and ◦ :=
◦( ). The latter is a (connected) parahoric subgroup of ( , ).

2.2 Naive model

For the remaining part of this section, we define several moduli functors related to local models.
Historically, these functors served as candidates for the ramified unitary local models with split her-
mitian form. While it is now standard to define local models of specific groups purely in terms of
group-theoretic data, the classical moduli-theoretic approach remains essential for the purposes of this
paper.

The naive local model is a projective scheme over . It represents the moduli problem that
sends each -algebra to the set of all families:

( ⊂ ⊗ ) ∈± + ,

such that

LM1.for all , is an ⊗ -submodule of ⊗ , and an -direct summand of rank ;

LM2.for all < , the natural arrow ⊗ → ⊗ carries into ;

LM3.for all , the isomorphism ⊗ ⊗−−−→∼ − ⊗ identifies

∼−→ − ;

LM4.for all , the perfect -bilinear pairing

( ⊗ )× ( − ⊗ )
⟨ , ⟩⊗−−−−→

identifies ⊥ with − inside − ⊗ ; and

LM5.(Kottwitz condition) for all , the element ⊗ ∈ ⊗ acts on as an -linear
endomorphism with characteristic polynomial

( · − ⊗ | ) = ( − ) ( + ) ∈ [ ].

When = , the polynomial on the right-hand side of LM5 is ( − ) .

Remark 2.2.1 Using axiom LM3, axiom LM4 is equivalent to requiring that the perfect -bilinear pairing

( ⊗ )× ( − ⊗ )
( , )⊗−−−−−→

identifies ⊥ with − inside − ⊗ .

2.3 Wedge and spin conditions

2.3.1 Wedge condition

The wedge condition on an -point ( ) of is that

8



LM6.if ̸= , then for all ,∧ +
( ⊗ + ⊗ | ) = and

∧ +
( ⊗ − ⊗ | ) = .

(There is no condition when = .)

The wedge local model ∧ is the closed subscheme in cut out by the wedge condition. Note
that the splitting of the hermitian form is unnecessary for defining the wedge condition.

2.3.2 Spin condition

Next, we turn to the spin condition, which involves the symmetric form ( , ) and requires more notation.
Let

:= ⊗ ,

regarded as an -vector space of dimension via the action of on the right tensor factor. Let

:=
∧

.

When is even, the form ( , ) splits over ; when is odd, ( , ) splits after tensoring with .
In both cases there is an -basis , . . . , of such that ( , ) = ∗ . Hence there is a
canonical decomposition of as an

(
( , )

)
( ) ≃ ( )-representation:

= ⊕ − .

Intrinsically, and − have the property that for any totally isotropic -dimensional subspace
⊂ , the line

∧
⊂ is contained in or − . In this way, they distinguish the two connected

components of the orthogonal Grassmannian ( , ) over ; cf. [PR09, §8.2.1]. Concretely, and

− can be described as follows. For = { < · · · < } ⊂ { , . . . , } of cardinality , let

:= ∧ · · · ∧ ∈ .

Let be the permutation on { , . . . , } sending

{ , . . . , } −→∼

in increasing order, and

{ + , . . . , } −→∼ { , . . . , }∖

in increasing order. For varying of cardinality , the ’s form a basis of , and we define an
-linear operator on such that:

( ) := ( ) ⊥ .

Then, when , . . . , is a split basis for ( , ),

± =
{

± ( ) ⊥ | # =
}

(2.3.1)

is the ± -eigenspace for . Any other split basis is carried onto , . . . , by an element in the
orthogonal group. If = then and − are both -stable, whereas if = − then and

− are interchanged by . In this way, and − are independent of choices up to labeling.
In this paper, we pin down a particular choice of and − as in [PR09, §7.2] and [Sm11, Sm14].

If = is even, then

− − , . . . ,− − , + , . . . , , , . . . , , + , . . . , (2.3.2)

is a split ordered -basis for ( , ) in , and we take , . . . , to be the image of this basis in .
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If = + is odd, then we take , . . . , to be the following split ordered basis

− − ⊗ , . . . ,− − ⊗ , + ⊗ − + ⊗ − , + ⊗ , . . . , ⊗ ,

⊗ , . . . , ⊗ ,
+ ⊗ + + ⊗ −

, + ⊗ , . . . , ⊗ .
(2.3.3)

For an -lattice in , we define a natural -lattice in :

( ) :=
∧

( ⊗ ), (2.3.4)

and we define two sublattices:
( )± := ± ∩ ( ).

We now formulate the spin condition. If is an -algebra, then the spin condition on an -point
( ⊂ ⊗ ) of is:

LM7.for all , the line
∧

⊂ ( )⊗ is contained in[
( )(− ) ⊗ −→ ( )⊗

]
.

This defines the spin condition when ̸= . When = , ± is defined over since ( , ) is already
split before extending scalars → , and the spin condition on , descends to over . In

all cases, the spin local model is the closed subscheme of ∧ where the spin condition is satisfied.

Remark 2.3.3 Our definition of above is the same as in [Sm11, Sm14]. As noted in these papers, this agrees
only up to sign with the analogous operators denoted ∧···∧ in [PR09, Display 7.6], and in [Sm11,
§2.3]. There is a sign error in the statement of the spin condition in [PR09, §7.2.1] leading to this discrepancy.

We give an efficient way to calculate the sign ( ) occurring in the expression (2.3.1) for ± ,
which will be used in §7.2.

Lemma 2.3.4 ([Sm15], Lemma 2.4.1)

( ) = (− )
∑

+
( + )

= (− )
∑

+⌈ / ⌉. □

2.4 Strengthened spin condition

We now formulate Smithling’s strengthened spin condition [Sm15], which will be used to define
the moduli space . The idea is to restrict further the intersection in the definition of ( )±
to incorporate a version of the Kottwitz condition. We continue with the notation in the previous
subsections.

The operator ⊗ acts -linearly and semi-simply on = ⊗ with eigenvalues and − .
Let and − denote their respective eigenspaces. Let

, :=
∧

− ⊗
∧

.

Then , is naturally a subspace of , and we have the decomposition

=
⊕
+ =

, .

Let
,
± := , ∩ ± .

For any -lattice in , let

( ) ,
± := ,

± ∩ ( ) ⊂ , (2.4.1)

10



where ( ) is defined in (2.3.4). Given any -algebra , we define

,
± ( )( ) :=

[
( ) ,

± ⊗ −→ ( )⊗
]
. (2.4.2)

The strengthened spin condition on an -point ( ) ∈ ( ) is now defined as follows:

LM8. For all , the line
∧

⊂ ( )⊗ is contained in ,
(− ) ( )( ).

This defines the condition in the case ̸= . When = , the condition is defined after base change
to , . Since the subspaces , and ± are Galois-stable, and the condition descends from ,

to . In all cases, we write for the locus in where the condition is satisfied.

Remark 2.4.1 The spin and strengthened spin conditions can be defined for any hermitian spaces, since we
always take the base change = ⊗ first, over which the hermitian and symmetry forms will split.

Remark 2.4.2 By [Sm15, Lemma 5.1], the strengthened spin condition LM8 implies the Kottwitz condition LM5.
In Corollary 5.2.3, we will further show that LM8 also implies the wedge condition LM6.

The following proposition will be useful in practice:

Proposition 2.4.3 The strengthened spin condition on ⊂ , is equivalent to the strengthened spin
condition on − ⊂ − , .

Proof We denote by (−)∗ the dual space (resp. lattice) of (resp. ⊂ ), and by ⊥ the symmetric dual of

. The symmetric form ( , ) induces an isomorphism ∗ ∼−→ (resp. ∗ ∼−→ ⊥).
Consider the short exact sequence:

→ − → − , → − , / − → .

Taking the -th wedge product, we obtain the following identification:∧
− ∼=

∧
− , ⊗

∧
( − , / )∗

∼−→
∧

− , ⊗
∧

, (2.4.3)

where the second isomorphism is induced by the isomorphism ∗
−

∼−→ ⊥
− . This identification arises from

the Hodge star operator. More precisely, given a lattice ⊂ , the base change ⊂ determines an

unordered basis of . Choosing a generator ∈
∧

= , we define the Hodge star operator

⋆ :
∧ ∼−→

∧ ∗ ∼−→ ⊗
∧

,

where the first map is induced by the perfect pairing ∧ × ∧ → ∧ , and the second map is induced by
the symmetric form ( , ).

The identification (2.4.3) is constructed by first restricting the Hodge star operator ⋆ to the lattices ∧ ⊂
∧ , then base changing the lattices from to , and finally restricting to the corresponding filtrations.
Therefore, it suffices to show that the Hodge star operator, upon restriction, induces the following isomorphism:

⋆ : ,
± ∩ ( )

∼−→ ⊗
(

,
± ∩ ( ⊥)

)
. (2.4.4)

If this holds, then by definition (2.4.2), we obtain a natural isomorphism:

,
± ( )( ) ≃

∧
⊗ ,

± ( ⊥)( ),

Combined with (2.4.3), this completes the proof of the proposition.
To confirm the isomorphism (2.4.4), first note that the perfect pairing ∧ × ∧ → ∧ induces

an isomorphism
⋆ : ( )

∼−→ ( ∗)
∼−→ ⊗ ( ⊥).

Next, recall that , =
∧

− ⊗
∧

is dual to , with respect to both pairings. Therefore, we have
⋆( , ) ⊂ ⊗ , . Finally, by [PR09, §7.1.3], the submodules ± are defined via the action of , and in
particular, are stable under the ⋆− . Therefore, we have ⋆( ±) ⊂ ⊗ ±. Combining these three observations,
we obtain the desired isomorphism. □
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2.5 The local model, topological flatness and the coherence conjecture

We recall the definition of the ramified unitary local model from [PR08, §11]. We will later show that
it coincides with the Pappas-Zhu model, cf. Proposition 6.1.3.

Definition 2.5.1 The local model is defined to be the scheme-theoretic closure of the open embedding

, ↪→ .

By [GW20, Proposition 14.14], a scheme over a Dedekind domain is flat if and only if it agrees with
the scheme-theoretic closure of its generic fiber. It follows that the local model is flat over .

There exists a closed embedding of the special fiber of the local model into an affine flag variety:

, ↪→ / + ◦ , (2.5.1)

see [PR08, §11]. The coherence conjecture [PR09, §4], now a theorem due to Zhu [Zhu14], predicts that
the image of , coincides with the union of Schubert cells indexed by the “admissible set”, whose
precise definition is not needed in this paper; cf. [PR08, Theorem 11.3] and [Zhu14, Theorem 8.1]. By
the theory of affine Schubert varieties in [PR08], we have:

Theorem 2.5.2 For ≥ , the special fiber , of the local model is reduced, and each irreducible component

is normal, Cohen-Macaulay, and compatibly Frobenius-split as a subvariety of the affine flag variety / + ◦.

To use the Frobenius-splitting property, we require that ̸= . In [PR08], the authors consider
only the case where the group splits over a tamely ramified extension, which is why we assume

≥ . When = , the unitary group may not be tamely ramified, and the local model can fail to
be reduced; cf. [HPR20, §2.6]. We will prove the reducedness of the special fiber when = in §5.3.

Since the wedge, spin ([PR09, 7.2.2]) and strengthened spin conditions ([Sm15, §2.5]) hold over the
generic fiber , , we have a chain of closed embeddings, which are equalities when restricting to the
generic fibers:

⊂ ⊂ ⊂ ∧ ⊂ .

Smithling [Sm15] conjectured that ( , ) = ( , ) for any ( , ) and . He showed that this is
true topologically:

Theorem 2.5.3 ([Sm11, Sm14]) The scheme is topologically flat over ; in other words, the underlying
topological spaces of and coincide.

Remark 2.5.4 In his paper, Smithling proved the topological flatness under the assumption that / is a
ramified extension of -adic fields with ≥ . But his result also holds in the set up of §2.1.1: The key point of
the proof is the comparison between different various notions of permissible sets and -admissible sets, which
is purely group-theoretic. Note that the Bruhat-Tits theory used in Smithling’s (e.g., the Iwahori–Weyl group)
remains valid in the context of §2.1.1.

The following reduction strategy is well-known among experts.

Corollary 2.5.5 The following are equivalent:

(i) The closed embedding : ↪→ is an equality;

(ii) The special fiber , is reduced.

Proof By Theorem 2.5.2 the special fiber , is reduced. If the embedding is an equality, then , is also
reduced. Conversely, suppose that , is reduced. Recall that for a locally noetherian scheme defined over
a discrete valuation ring, if the special fiber is reduced, and all maximal points of lift to the scheme-
theoretic closure of the generic fiber , then is flat; cf. [GW20, Proposition 14.17]. Thus, it suffices to
verify that all closed points of , lift to , . This is a purely topological statement and follows from the
topological flatness established in Theorem 2.5.3. □

12



3 Defining equations at the strongly non-special parahoric
subgroup

The main goal of this and the next section is to prove Theorem 1.3.2. In this section, we determine
the defining equations of the strengthened spin model for signature is ( − , ) and index set

= { }, assuming { } is is strongly non-special. Note that §3.1 and §3.2 apply to all except the
-modular one. The computations of the strengthened spin condition in §3.4 are valid for all maximal

parahoric level.

3.1 Affine chart of the worst point

Recall from (2.5.1) that , can be identified with a union of Schubert varieties in the affine flag

varieties. The geometric special fibers of and topologically contain the same Schubert cells,
including the unique closed Schubert cell, known as the “worst point”.

Lemma 3.1.1 The following -point lies in { }:

= ( ⊗ )( ⊗ ) ⊂ ⊗ , − = ( ⊗ )( − ⊗ ) ⊂ − ⊗ .

This point is stabilized by the action of { }. Therefore, it represents the worst point.

Proof Let

:=

(∧
=

( ⊗ − ⊗ − )

)
∧ ( ⊗ + ⊗ − ).

One can check that (− ) + − ∈ − ,
− ( ), lifting the line

∧
( ⊗ )( ⊗ ) ⊂ − ,

− ( ⊗ );
cf. Proposition 3.4.1 for explicit calculations. By definition in §2.1.2, this subspace is stable under the action
of { }. The same argument applies to − .

Alternatively, the lemma can be verified using the wedge local model ∧
{ }, which is topologically flat in

the strongly non-special case: for odd , this follows directly from [Sm11]; for even , it follows from [Sm14,
Proposition 7.4.7], see also [HLS25, Proposition 3.4]. □

The worst point corresponds to the minimal element in both the admissible and permissible sets.
As a result, any open neighborhood of the worst point intersects every Schubert cell. Therefore, to
study the geometry of , , it suffices to restrict to an open affine neighborhood of the worst point.

Notice that = { } can be embed into ( , ⊗ ) as a closed subscheme: by periodicity
conditions(LM3), all the algebraic relations in the strengthened spin models can be expressed in terms
of and − ; the algebraic relations in − can be expressed in terms of by orthogonality
conditions (LM4).

Recall that we have chosen the standard basis in §2.1.1:

, : − ⊗ , · · · , − ⊗ , + ⊗ , · · · , ⊗ ;

⊗ , · · · , ⊗ , + ⊗ , · · · , ⊗ .

− , : − ⊗ , · · · , −
− ⊗ , − + ⊗ , · · · , ⊗ ;

⊗ , · · · , − ⊗ , − + ⊗ , · · · , ⊗ .

(3.1.1)

The worst point lies in the affine chart of the Grassmannian defined by the standard basis. We will
translate local model axioms into linear algebra relations, and use them to obtain defining equations
of the strengthened spin model in . We denote the intersection of with the moduli functors □ by
□ := □ ∩ .
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A point in the chart can be presented by a × matrix

( )
with respect to the standard

basis, and the worst point corresponds to = . We further subdivide the matrix into blocks6:

=


 −

−

. (3.1.2)

Similarly, we can embed { } into ( , − ⊗ ). The corresponding standard affine open in

( , − ⊗ ) consists of points represented by × matrices

( )
.

To simplify the computation, we also choose the following reordered basis,

, : − + ⊗ , · · · , ⊗ , − ⊗ , · · · , − ⊗ ; + ⊗ , · · · , − ⊗ ,

− + ⊗ , · · · , ⊗ , ⊗ , · · · , ⊗ ; + ⊗ , · · · , − ⊗ .

− , : − + ⊗ , · · · , ⊗ , − ⊗ , · · · , − ⊗ ; −
+ ⊗ , · · · , −

− ⊗ ;

− + ⊗ , · · · , ⊗ , ⊗ , · · · , ⊗ ; + ⊗ , · · · , − ⊗ .

(3.1.3)

The points in the open affine charts of ( , ⊗ ) and ( , − ⊗ ) with respect to this

basis can be represented by

( )
, resp.,

( )
. Since the two chosen bases differ by a permutation, the

corresponding affine charts in ( , ⊗ ) are naturally identified. The worst point corresponds
to = , or equivalently, = . After reordering the basis, the partition (3.1.2) now becomes

=

( )
=



−

−

. (3.1.4)

We subdivide the matrices and into blocks of the same size as and , respectively, with their
entries specified in (3.2.3). For the remaining of the paper, we will mainly work with ( , ⊗ ).

3.2 Naive model and wedge condition

Conditions LM1-LM6 produce closed conditions on . We will translate all of them, except LM5, into
algebraic relations in terms of (cf. Remark 2.4.2). With the chosen reordered basis, the transition
maps: : , → − , and − : − , → + , , in LM2 are represented by the matrices

=

 · −

−

 , − =


·

−

−

 . (3.2.1)

The symmetric pairing ( , ) : − , × , → in LM4 is represented by the matrix

=

 − −
−

−

 , (3.2.2)

6Not the same , as in Theorem 1.3.2, see §4.2
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where

=

 . .
.

 , =

(
−

)
.

We will omit the lower indices of these matrices for simplicity. By LM4, we have − = ⊥ . Using
the represented matrix (3.2.2), we have

=

( )
=

(
−

−

) (
−

)
=

(
− −

)
. (3.2.3)

Recall from LM1 the ⊗ -stability: ( ⊗ ) ⊂ , and ( ⊗ ) − ⊂ − . For the first

inclusion, we obtain ( ⊗ )

( )
=

( )
=

( )
, for some . Hence = and = .

This implies = , i.e.,(
+ +
+ +

)
=

(
−

)
.

The ( ⊗ )-stability on − follows from the ( ⊗ )-stability of by (3.2.3).
The condition LM2 requires that the transition map sends into − . This is equivalent to

( , ) = , i.e.,

( ) ( )
= . This implies

(
− + + − +

+ −

)
= .

Similarly, the condition that the transition map − sends − to + is equivalent to
( , − − ) = . This gives(

− −
+ − +

)
= .

Here we have secretly identified + with by LM3.
Finally, the wedge condition LM6 for ( , ) = ( − , ) implies:∧

( ⊗ + ⊗ | ) = ,
∧

( ⊗ − ⊗ | ) = ;∧
( ⊗ + ⊗ | − ) = ,

∧
( ⊗ − ⊗ | − ) = .

The wedge condition on − is implied by that on via the relation (3.2.3). In the special fiber,
where ⊗ = , the axiom LM6 simplifies to

∧
= .

We summarize what we have obtained over the special fiber:

Proposition 3.2.1 The coordinate ring of the affine chart over the special fiber ∧
{ }, ⊂

∧
{ }, is isomorphic

to the polynomial ring [ ] modulo the entries of the following matrices:

LM1. + , + , + , + ,

LM2-1. − + + ,− + , + , ,

LM2-2. , − , + , − + ,

LM5. ( − ) = ( − ) − ( + ).

LM6.
∧

.

One see that the Kottwitz condition is more complicated than the other axioms. However, thanks
to Remark 2.4.2, it can be omitted in the strengthened spin model.
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3.3 Strengthened spin condition: set-ups

Next, we want to translate the strengthened spin conditions into linear algebra relations. While our
approach is inspired by the discussions in [Sm15, §4.1] and [Yu19, §1.4.2], our setting involves additional
complications. In this subsection, we first present the basic definitions and then outline our strategy.

3.3.1 Another basis for

We choose another basis for = ⊗ . Let , · · · , be the following ordered -basis for ,

⊗ − ⊗ − , · · · , ⊗ − ⊗ − ;
⊗ + ⊗ −

, · · · , ⊗ + ⊗ −
.

(3.3.1)
It splits and separates the eigenspaces − and . This is also a split orthogonal ordered basis for
the symmetric form ( , ), whose transformation matrix to (2.3.3) has determinant . Hence, we find a
basis for the eigenspaces:

± = { ± ( ) ⊥ | # = },
where ∈ is defined to be the wedge product with respect to for the ordered index set .

3.3.2 Types and weights

We recall some definitions and properties in [Sm15, §4.2, §4.3].

Definition 3.3.3 We say that a subset ⊂ { , · · · , } has type ( , ) if

#( ∩ { , · · · , }) = and #( ∩ { + , · · · , }) = .

Suppose from now on, + = , then the elements defined in §3.3 for varying of type ( , ) form a basis
for , .

It is easy to verify that and ⊥ are of the same type, where ⊥ is defined in §2.1.1. We have

Lemma 3.3.4 ([Sm15, Lemma 4.2]) ,
± = { ± ( ) ⊥ | is of type ( , ) }. □

Remark 3.3.5 We will be interested in of type ( − , ). Such an is of the form

=
{

, · · · , ̂ , · · · , , +
}

for some , ≤ . By Lemma 2.3.4, we have

( ) = (− ) +
( + )

= (− )
( + )

+
( + )− + + = (− ) + + .

Next, to find a basis for ( ) − ,
− , we need to determine when a linear combination of elements

of the form − ( ) ⊥ lies in ( ). The following definition will help with the bookkeeping.

Definition 3.3.6 Let ⊂ { , · · · , }. The weight vector attached to is the element in whose th
entry is #( ∩ { , + }).

Example 3.3.7 If is of type ( − , ), then its weight vector falls into one of two cases.
In the first case, there exist distinct indices ̸= such that the th entry of is , the th entry of

is , and all the other entries are . In this situation, = { , · · · , ̂ , · · · , , + } can be uniquely recovered
from its weight vector.

In the second case, the weight vector is = ( , · · · , ). Then all we can say is that =
{ , · · · , ̂ , · · · , , + } for some ∈ { , · · · , }.

The reason we introduce the weight vector is the following lemma:

Lemma 3.3.8 ([Sm15, Lemma 4.7]) For any subset ⊂ { , · · · , } of cardinality , write

=
∑

′

′ ′ , ′ ∈ .

Then, every ′ with ′ ̸= has the same weight as .
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3.3.9 The worst terms

Let be a finite dimensional -vector space, and let be an -basis of .

Definition 3.3.10 Let =
∑

∈ ∈ , with ∈ . We say that is a worst term of if it is
nonzero, and satisfies

( ) ≤ ( ′) for all ′ ∈ such that ′ ̸= .

We then define the worst term part of as

( ) = ( ) =
∑
∈

is a worst
term for

.

Let be the -span of in . A nonzero element ∈ lies in if and only if one (hence all) of its
worst term lies in . When this is the case, and is a -algebra, the image of under the natural map

→ ⊗

coincides with the image of ( ).

3.3.11 Strategy for computing the strengthened spin condition

By Proposition 2.4.3, it suffices to compute the strengthened spin condition on . The procedure
consists of the following three steps:

(i) Expressing each in terms of the basis elements ′ ,

(ii) Computing ± ( ) ⊥ and their linear combinations in terms of ′ ,

(iii) Translating these expressions into equations that reflect the strengthened spin condition.

Working out the algebraic relations for the strengthened spin condition over is more subtle, since
taking the th wedge product introduces many terms with higher valuation. This is why we focus on
the special fiber and make use of the notion of the “worst term”.

However, since our final goal is to compute the worst term of the sum
∑

− ( ) ⊥ , as in
Corollary 3.4.7, it is not sufficient to determine only the worst term of each .

Therefore, we also need to compute certain higher order terms of . In practice, we find that
including the “second-worst” terms is sufficient.

Once the defining equations over the special fiber are obtained, similar computations allow us to
lift them to defining equations over the ring of integers. This will be carried out in Section 8.

3.4 Strengthened spin condition: computation

The next proposition computes the worst term of , similar to [Sm15, Lemma 4.9] and [Yu19, Lemma
1]. To simplify notation and save space, we use the following non-standard notation:

[ , +̂ ] := { , + ,··· , +̂ ,··· , } = ∧ + ∧ · · · ∧ +̂ ∧ · · · ∧ . (3.4.1)

Proposition 3.4.1 For any ⊂ { , · · · , } of type ( − , ), we have:

(i) When = { , · · · , ˆ , · · · , , + } for some ≤ ≤ ,

= (− ) + −( − )
[

{ + ,··· , } +
(

(− ) +
[ , +̂ ]

+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − )).

(ii) When = { , · · · , ˆ , · · · , , + } for some + ≤ ≤ ,

= (− ) + + −( − )
[

{ + ,··· , } +
(

(− ) +
[ , +̂ ]

+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − ))

(iii) When = { , · · · , ˆ , · · · , , + } for some , ≤ , ̸= ,

= (− ) + −( − − )
[ , +̂ ]

+ ( −( − − )).
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(iv) When = { , · · · , ˆ , · · · , , + } for some ≤ < ,

= (− ) −( − − )
[ , +̂ ]

+ ( −( − − )).

(v) When = { , · · · , ˆ , · · · , , + } for some ≤ < ,

= (− ) + −( − )
[ , +̂ ]

+ ( −( − )).

(vi) When = { , · · · , ˆ , · · · , , + } for some + ≤ , ≤ , ̸= ,

= (− ) −( − − )
[ , +̂ ]

+ ( −( − − )).

Here ( ) denotes terms of valuation strictly greater than .

The proof of Proposition 3.4.1 is lengthy and tedious, and contributes little to the understanding
of the later sections. Therefore, we postpone it to §7.1.

Note that ( ⊥)⊥ = , and − ( ) ⊥ = ±( ⊥ − ( ⊥) ). This symmetry motivates the
following definition:

Definition 3.4.2 Let is of type ( − , ), so that ∩ { + , · · · , } consists of a single element, denoted
. We say that balanced if ≤ ⊥ .

This notion allows us to describe a basis of − ,
− :

Proposition 3.4.3 ([Sm15, Proposition 4.5]) The elements − ( ) ⊥ for balanced form a basis for
− ,
− . □

Now we come to the main result of this subsection, similar to [Sm15, Lemma 4.10] and [Yu19,
Lemma 2].

Proposition 3.4.4 For a balanced subset = { , · · · , ˆ , · · · , , + }, we distinguish the following cases. In
each cases, the term is computed as follows:
• Case 1. For satisfying = ⊥ and ̸= .

(i) When ≤ , we have

− ( ) ⊥ = (− ) −( − − )
[ , +̂ ]

+ ( −( − − )).

(ii) When < ≤ − , ̸= , we have

− ( ) ⊥ = (− ) + −( − − )
[ , +̂ ]

+ ( −( − − )).

(iii) When > − , we have

− ( ) ⊥ = (− ) + −( − )
[ , +̂ ]

+ ( −( − )).

• Case 2. For satisfying = .

(iv) When = ≤ , we have

− ( ) ⊥ = (− ) + −( − − )
(

[ , +̂ ]
+ (− )

[ , +̂ ∨]

)
+ ( −( − − )).

(v) When < = ≤ , we have

− ( ) ⊥ = (− ) + + −( − )

[
{ + ,··· , } +

(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − )).

(vi) When = = + (this will only happen when is odd), then

− ( ) ⊥ = (− ) + −( − )

[
{ + ,··· , } +

(
− (− ) +

[ + , +̂ + ]
+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − )).

• Case 3. For satisfying ̸= ⊥ and ̸= .
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(vii) When < ∨ ≤ , we have

− ( ) ⊥ = (− ) −( − − )
(

[ , +̂ ]
− (− ) + +

[ ∨, +̂ ∨]

)
+ ( −( − − )).

(viii) When ≤ < ∨ < − + , we have

− ( ) ⊥ = (− ) + + + + −( − − )
[ ∨, +̂ ∨]

+ ( −( − − )).

(ix) When ≤ , ∨ ≥ − + , we have

− ( ) ⊥ = (− ) + −( − − )
(

[ , +̂ ]
+ (− ) + +

[ ∨, +̂ ∨]

)
+ ( −( − − )).

(x) When < < ∨ < − + , we have

− ( ) ⊥ = (− ) −( − − )
(

[ , +̂ ]
− (− ) + +

[ ∨, +̂ ∨]

)
+ ( −( − − )).

(xi) When < < − + ≤ ∨, we have

− ( ) ⊥ = (− ) + −( − )
[ , +̂ ]

+ ( −( − )).

(xii) When − + ≤ < ∨, we have

− ( ) ⊥ = (− ) + −( − )
(

[ , +̂ ]
− (− ) + +

[ ∨, +̂ ∨]

)
+ ( −( − )).

We postpone the proof to §7.2.

3.4.5 The lattice ( ) − ,
−

Next, we will write the basis of the lattice ( ) − ,
− in terms of , using Proposition 3.4.4. As

mentioned in Example 3.3.7, when the weight vector ̸= ( , , · · · , ), the set is uniquely deter-
mined by . The most delicate case arises when the weight vector is ( , , · · · , ) and we introduce
additional notation to handle this situation. We denote := { , · · · , ̂ , · · · , , + }, and write
for . Define

:= ⌊ + ⌋ =
{

+ when is odd;
when is even.

Then , , · · · , are precisely the balanced subsets with weight vector ( , , · · · , ).
The next proposition is parallel to [Sm15, Proposition 4.12] and [Yu19, Proposition 2].

Proposition 3.4.6 Let ∈ − ,
− , and write

=
∑

balanced

(
− ( ) ⊥

)
, ∈ . (3.4.2)

Then lies in ( ) − ,
− if and only if it satisfies the following:

(i) if = { , · · · , ∨̂, · · · , , + } for some ≤ then ( ) ≥ − − ;

(ii) if = { , · · · , ∨̂, · · · , , + } for some < ≤ − , ̸= ∨, then ( ) ≥ − − ;

(iii) if = { , · · · , ∨̂, · · · , , + } for some − < , then ( ) ≥ − ;

(iv) if = { , · · · , ̂ , · · · , , + } for some < ∨ ≤ , then ( ) ≥ − − ;

(v) if = { , · · · , ̂ , · · · , , + } for some ≤ ≤ ∨ < − + , then ( ) ≥ − − ;

(vi) if = { , · · · , ̂ , · · · , , + } for some ≤ , ∨ ≥ − + , then ( ) ≥ − − ;

(vii) if = { , · · · , ̂ , · · · , , + } for some < < ∨ < − + , then ( ) ≥ − − ;

(viii) if = { , · · · , ̂ , · · · , , + } for some < < − + ̸= ∨, then ( ) ≥ − ;

(ix) if = { , · · · , ̂ , · · · , , + } for some − + ≤ < ∨, then ( ) ≥ − ;

(x) if = { , · · · , ̂ , · · · , , + } for some ≤ , then ( ) ≥ − ;

(xi) if
∑

= + (− ) = , then ( ) ≥ − − for those ;

(xii) if
∑

= + (− ) ̸= , and

(a) if (
∑

= + (− ) ) = + ≤ ≤ { ( )}, then + ≤ ≤ { ( )} ≥ − ;

(b) if (
∑

= + (− ) ) ≥ + ≤ ≤ + , then + ≤ ≤ { ( )} ≥ − − .
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Proof By Lemma 3.3.8, an element lies in ( ) − ,
− if and only if, for each possible weight vector (as

classified in Example 3.3.7), we have

:=
∑

balanced
with weight

(
− ( ) ⊥

)
∈ ( ) − ,

− .

Thus, we reduce to analyzing the partial summation of a weight vector, that is, the -component of the
total sum (3.4.2) in ( ) − ,

− .
When ̸= ( , , · · · , ), Example 3.3.7 shows that there is at most one subset of type ( − , ) with

weight . These cases correspond to case 1: (i)-(iii) and case 3: (vii)-(xii) in Proposition 3.4.4. This establishes
(i)-(ix).

When = ( , , · · · , ), the terms corresponding to , · · · , appear in the summation. Write

( , ,··· , ) =
∑
=

( − ( ) ⊥) =
∑
=

( − ( ) ⊥) +
∑
= +

( − ( ) ⊥).

By Proposition 3.4.4, for ≤ ≤ , each difference − ( ) ⊥ has a distinct worst term. In contrast,

for + ≤ ≤ , the worst terms of each − ( ) ⊥ is the same, namely { + ,··· , }. We first

consider the partial summation of the form
∑

= + ( − ( ) ⊥). It equals

(− ) + ( − )
( ∑

= +

(− )
)[

{ + ,··· , } +
(∑

=

(− )
[ ,̂ + ]

)]

+ (− ) + ( − − )
∑
= +

(− )
(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

)
+

∑
= +

( ( − − ) ).

Let := { | + ≤ ≤ , ( ) is minimal}. We distinguish the following cases:

• If
∑

= + (− ) = , then the summation becomes

(− ) + ( − − )
∑
= +

(− )
(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

)
+

∑
= +

( ( − − ) ).

The worst terms are

(− ) + ( − − )
∑
∈

(− )
(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

)
.

Therefore, the summation is defined over the ring of integers if and only if ∈ ( ) ≥ − − .

• If
∑

= + (− ) ̸= , we further distinguish the following three cases:

(a) When
(∑

= + (− )
)
= ∈ ( ).

(b) When
(∑

= + (− )
)
= ∈ ( ) + .

(c) When
(∑

= + (− )
)
≥ ∈ ( ) + .

Case (a): Suppose
(∑

= + (− )
)
= ∈ ( ). Then the worst terms in the partial summation are

(− ) + −( − )
( ∑

= +

(− )
)

{ + ,··· , }.

Therefore, the partial summation is defined over the ring of integers if and only if
(∑

= + (− )
)
=

∈ ( ) ≥ − .

Case (b): Suppose
(∑

= + (− )
)
= ∈ ( ) + . Then the worst terms in the partial summation

are

(− ) + ( − )
[( ∑

= +

(− )
)

{ + ,··· , } +
∑
∈

(− )
(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

)]
.

Therefore, the partial summation is defined over the ring of integers if and only if ∈ ( ) ≥ − − .

Case (c): Suppose
(∑

= + (− )
)
≥ ∈ ( ) + . Then the worst terms in the partial summation

are
(− ) + ( − − )

∑
∈

(− )
(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

)
.

Therefore, the partial summation is defined over the ring of integers if and only if ∈ ( ) ≥ − − .
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By computing the worst terms in the partial summation
∑

= + ( − ( ) ⊥), we observe that as

long as the worst term lies in the lattice, the coefficients of the terms
[ , +̂ ]

for ≤ ≤ or ≤ ∨ ≤
lie in the ring of integers.

On the other hand, for ≤ ≤ , the worst terms of − ( ) ⊥ are precisely the terms of
[ , +̂ ]

and
[ ∨, +̂ ∨]

. The partial summation
∑

= ( − ( ) ⊥) lies in ( ) − ,
− if and only if (x) holds.

Moreover, the two partial summations in the expression ( , ,··· , ) =
∑

= +
∑

= + have distinct
worst terms, and their worst terms computations are independent. Hence, (x),(xi), and (xii) follow. □

Combining the computation of the worst terms with the proof of Proposition 3.4.6, we obtain the
following corollary, which is analogous to [Sm15, Corollary 4.14] and [Yu19, Proposition 2.]. Recall the
definition of ,

(− ) ( )( ) in (2.4.2) and that of definition of [ , +̂ ] in (3.4.1).

Corollary 3.4.7 Let be a -algebra. Then the submodule − ,
− ( )( ) ⊂ − ,

− ( ) is a free -module
with an -basis given by:

(i) { + ,··· , };

(ii)
[ , +̂ ∨]

for ̸= ∨;

(iii)
[ , +̂ ]

− (− ) + +
[ ∨, +̂ ∨]

for < ∨ ≤ , ̸= ;

(iv)
[ ∨, +̂ ∨]

for ≤ < ∨ < − + ;

(v)
[ , +̂ ]

+ (− ) + +
[ ∨, +̂ ∨]

for ≤ , ∨ ≤ − + , ̸= ;

(vi)
[ , +̂ ]

− (− ) + +
[ ∨, +̂ ∨]

for < < ∨ < − + , ̸= ;

(vii)
[ , +̂ ]

for < < − + ≤ ∨, ̸= ;

(viii)
[ , +̂ ]

− (− ) + +
[ ∨, +̂ ∨]

for − + ≤ < ∨, ̸= ;

(ix)
[ , +̂ ]

+ (− )
[ ∨, +̂ ∨]

for ≤ ;

(x)
[ , +̂ ]

+ (− )
[ ∨, +̂ ∨]

for < ≤ ;

(xi) Let =
∑

= [ , +̂ ]
∈ ( )⊗ , Then lies in the image if and only if

(a) When = , we have
∑

= (− ) = ;

(b) When = + , we have
∑

= (− ) + (− ) +
+ = .

All elements of the forms (a) and (b) generate a free submodule, whose basis can be completed to a basis

of − ,
− ( )( ) by the elements (i)-(x).

Remark 3.4.8 If we drop the assumption that is balanced and retain the symmetry, then = ∨ . In
this case, the condition in (xi) can be rewritten as

∑ −
= + (− ) = .

Proof Part (i)-(x) follow immediately from Proposition 3.4.6 and its proof. For part (xi), we again use
Proposition 3.4.6. When + ≤ ≤ , we have ̸= ∨, and

= (− ) −( − − )
∑

+ ≤ ≤
̸=

(− ) + + = (− ) −( − − ) .

When = + , we have

+ = (− ) + −( − − )
( ∑

= +

(− )
)
+ (− ) −( − − )

+ ,

= · (− ) + −( − − )
+ .

Applying the requirement that
∑

= + (− ) = , we get (xi). □

3.5 Coordinate ring of { } over special fiber

Next, we translate the strengthened spin condition in Corollary 3.4.7 into algebraic relations on the
affine chart ⊂ ( , ⊗ ). Combined with the computations in §3.2, we obtain the coordinate
rings of { }, .
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3.5.1 Translation of the strengthened spin relations

In this part, we return to the standard basis (3.1.1) of . Let be a -algebra. For ∈ { }, ( ),

write
∧

=
∧ ( )

=
∑

∈ ( )⊗ . By Example 3.3.7, for those of type ( , − )

whose weight vector is not equal to ( , , · · · , ), the coefficient is determined by a unique entry
of (or ). To be more precise, if we write := ( ), then the coefficient { , + ,··· , +̂ ,··· , } of

the term { , + ,··· , +̂ ,··· , } in
∧

is given by (− ) − .

Proposition 3.5.2 The following basis elements do not appear among the terms in the basis of
− ,
− ( )( ) ⊂ − ,

− ( ) listed in Corollary 3.4.7:

(i) with #( ∩ , · · · , ) ≥ ;

(ii) for = { , + , · · · , +̂ , · · · , }, where + ≤ ≤ − , and ( ≤ ≤ or − + ≤
≤ ).

In particular, this implies the following equalities hold in { }, :∧
= , and = =

See the notation in (3.1.2).

Proof This follows directly from Corollary 3.4.7. For the reader’s convenience, we illustrate Corollary
3.4.7 with the following figure. The entry at position ( , ) corresponds to the coefficient of the term

{ , + ,··· , +̂ ,··· , }. We indicate in the figure which entries correspond to basis elements appearing in

Corollary 3.4.7.
Moreover, the dotted line highlights the terms described in (ii) of Corollary 3.4.7, while the dashed line

corresponds to those in (ix).

+

− +
−

, + − , − +

(v)

(v)

(v)

(v)

(vii)

(iv)

(viii)

(viii)

(iii)

(iii)

(vi)

(vi) (i)

(i)

Now part (ii) follows directly from the figure and implies that = for + ≤ ≤ − , and
( ≤ ≤ or − + ≤ ≤ ), hence = = . Part (i) is straightforward without the figure since
only the terms of type ( , ) and ( − , ) appear; this gives

∧
= . □

Next, we translate Corollary 3.4.7 (iii), (v), (vi), (viii), (ix), (x), and (xi) into algebraic relations in
. The following lemma, which can be verified by direct computation, will be useful in the remaining

part of the subsection.

Lemma 3.5.3 Suppose = ( ) and = ( ) are two × matrices. Then = + − , + −
for any , is equivalent to = := . □
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3.5.4

By Corollary 3.4.7 (iii), the condition < ∨ ≤ implies that ≤ , ≥ − + , ∨ ≤ and
∨ ≥ − + . In this case, we have

= and ∨ ∨ = ¯ ¯ ,

where the indices are defined as follows:

= , = − ( − ), = ∨ − ( − ) = + − , = ∨ = + − .

Here we reorder the entries using , , ¯ and ¯ so that = ( ) with ≤ , ≤ . This
reordered notation will be used again later for similar purposes. We have

{ , + ,··· , +̂ ,··· , } = (− ) + + +
{ ∨, + ,··· , +̂ ∨,··· , }.

Hence
= = ∨ ∨ = ¯ ¯ . (3.5.1)

By Lemma 3.5.3, the relation in (3.5.1) from Corollary 3.4.7(iii) is equivalent to = . Similarly,
Corollary 3.4.7 (viii) is equivalent to = .

3.5.5

Next, the basis in Corollary 3.4.7 (v) and (ix) can be reformulated into the basis

{ , + ,··· , +̂ ,··· , } + (− ) + +
{ ∨, + ,··· , +̂ ∨,··· , } for ≤ and ∨ ≥ − + .

In this case, we have ≤ , ≤ , ∨ ≥ − + and ∨ ≥ − + . Therefore,

= and ∨ ∨ = ¯ ¯ ,

where the indices are defined as follows:

= , = , = ∨ − ( − ) = + − , = ∨ = + −

Hence

{ , + ,··· , +̂ ,··· , } = (− ) + +
{ ∨, + ,··· , +̂ ∨,··· , }.

Hence
= = − ∨ ∨ = − ¯ ¯ .

By Lemma 3.5.3, we have = − .

3.5.6

The basis in Corollary 3.4.7 (vi) and (viii) can be rewritten as the basis of the form

{ , + ,··· , +̂ ,··· , } − (− ) + +
{ ∨, + ,··· , +̂ ∨,··· , }, for < < ∨ < − + and + ∨ ≤ + .

In this case, we have < < − + , < < − + , < ∨ < − + and
< ∨ < − + . Therefore,

=
( )

and ∨ ∨ =
( )

,

where the indices are defined as follows:

= − , = − , = ∨ − = ( − + )− , = ∨ − = ( − + )− .

Then we obtain

{ , + ,··· , +̂ ,··· , } = (− ) + + +
{ ∨, + ,··· , +̂ ∨,··· , }.
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Hence
( )

= = ∨ ∨ =
( )
¯ ¯ .

By Lemma 3.5.3, Corollary 3.4.7 (vi) and (x) are equivalent to claiming that = .

3.5.7

For Corollary 3.4.7 (xi), when < ≤ , we have

= { , + ,··· , +̂ ,··· , } = (− ) − .

Therefore, when = , the identity
∑

= + (− ) = is equivalent to
∑

= + = ,

and further equivalent to
∑ − +

= + = , since = .

When = + , the relation
∑

≥ + (− ) + (− ) +
+ = , is again equivalent

to
∑ − +

= + = , for the same reason.
Combining these two cases, we deduce that the description of (xi) in Corollary 3.4.7 is equivalent

to requiring that ( ) = .
To summarize, what we have shown is

Theorem 3.5.8 For the affine chart over the special fiber ⊂ ( , ⊗ /( )), using the notation
from (3.1.4), the strengthened spin condition is equivalent to the following:

(i)
∧

= , = ,

(ii) = , = , = − ,

(iii) = , ( ) = .

Proof Equations in (i) follow from Proposition 3.5.2. Equations in (ii) follow from §3.5.4 and §3.5.5. Equations
in (iii) follow from §3.5.6 and §3.5.7. □

3.5.9 Coordinate ring of { }

Combined with Proposition 3.2.1 and Theorem 3.5.8, we deduce the defining equations of { }, .

Theorem 3.5.10 The special fiber { }, of the affine chart defined in §3.1 is isomorphic to the spectrum of
the ring [ ]/ , where is the ideal generated by the entries of the following matrices:

LM1. + , + , + , + ,

LM2-1. − + + , − + , + , ,

LM2-2. , − , + , − + ,

LM8-1.
∧

, ,

LM8-2. − , − , + , − , ( ). □

4 Reducedness for the strongly non-special parahoric subgroup

In this section, we first simplify the ideal defining { } in Theorem 3.5.10, and then prove that the
scheme is reduced.

4.1 Simplification

In this subsection, we simplify the coordinate ring of { }. The simplification will be carried out in
several steps.

Step 1. In the first step, since = modulo , it follows that is generated by the entries of the
following matrices:

(i) , + , ,

(ii) − + + , , , ,
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(iii) , , , − + ,

(iv)
∧

, ,

(v) − , − , + , − , ( ).

We will show that the matrices in (i),(ii), and (iii) can be further simplified, leading to the following
proposition.

Proposition 4.1.1 The ideal is generated by the entries of the following matrices:

• − + + , .

•
∧

, ,

• − , − , + , − , ( ),

For the remaining part of the Step 1, we provide a proof of the Proposition 4.1.1. The following
Lemma will be useful in the argument.

Lemma 4.1.2 Let =
( )

, where is a square matrix. If ( ) = and
∧

= , then it follows that
= .

Proof Write = ( ) × and = ( ) × . Then the ( , )-entry of the product is given by∑
.

The condition
∧

= implies that

− =

for all , (including = ). Since ( ) = , the entries of the matrix are∑
=
∑
=

=
∑

= . □

Corollary 4.1.3 We have = , = and = .

Proof Given that ( ) = and
∧

= , it follows that = and = . = − implies
( ) = , hence = . □

By Corollary 4.1.3, the matrices in (4.1)(i) simplify into = .
The relation = is equivalent to = , which in turn is equivalent to =

= . Hence, it follows from = and = . Similarly, the relation = follows
from = and = . Therefore, the relations in (4.1)(ii) are equivalent to the single equation
− + + = .

Lemma 4.1.4 The relations = , = , = − are equivalent to = − .

Proof Since = , the equality = − is equivalent to = . A quick calculation shows that

=

(
−

−

)
=

(
−

−

)
. □

In particular, the proof shows that = . It follows that = is a consequence
of = . Moreover, the relation = is equivalent to = , and both follow from

= . This finishes the proof of Proposition 4.1.1. □

Step 2. Applying Lemma 4.1.4 to the matrix − + + in , we find that the entries of
the matrix

+

also lie in the ideal . We will use this matrix to further simplify .
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Proposition 4.1.5 The ideal is equal to the ideal generated by the entries of the following matrices:∧
, , − , ( ), + . (4.1.1)

Proof Recall that =
( )

, where and are matrices of the size ( − )× . Then we compute:

− = −
( ) ( )

= −
(
− −

)
.

Therefore, the equality = − implies

= − , = − , = , = .

Since ( ) = , we deduce = , = , = − from = − .

Next, we claim that = follows from the relation
∧

= , modulo the ideal generated by the
entries of (4.1.1). Indeed, we ahve:

=
( )(

− −

)
,

=
(

− −
)
,

=
(

− −
)
,

=
(
( − ) ( − )

)
.

The proposition now follows from the Lemma 4.1.6 below. □

Lemma 4.1.6 The relation
∧

= implies − = .

Proof Write = ( ) and = ( ). both of size ( − )× . We have

= ( ) = ( + − , ) and similarly = ( ) = ( + − , ).

Thus, the ( , )-entry of the matrix − is∑
=

, + − −
∑
=

, + − ,

which vanishes due to the relation
∧

= . □

Remark 4.1.7 Before we proceed, we note that the relations = and
∧

= have important conse-
quences. In particular, consider -minors in of the form , where is an entry of and is an entry of

. This indeed corresponds to a -minor, since:

( )
=

∗ · · · ∗
...

...
∗ · · · ∗
∗ · · · ∗ ∗ · · · ∗
... ∗

...
...

...
∗ · · · ∗ ∗ · · ·




⇝ -minors · − ∗ · = .

It is natural to guess that [ ]/ has two irreducible components, corresponding to the loci = and
= respectively. In light of Proposition 4.1.5, these two “components” correspond to the vanishing of the

following sets of generators:

• : , ,
∧

( , ), + ,

• : , ,
∧

( , ), − , ( ), .

In Proposition 4.3.2, we will verify that these two ideals define reduced and irreducible components. For now,
we show that this is true at least at the topological level.

Lemma 4.1.8 Keep the notations in Remark 4.1.7, we have ( ) = ( ) ∩ ( ).
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Proof Let ⊂ [ ] be the ideal generated by the entries of∧
( , ),

∧
( , ), , − , ( ), + .

Let , be the ideals of [ ] generated by the entries of and respectively. Then we have = +
and = + , and the whole ideal is generated by + . Consider the inclusion

+ ⊂ ( + )( + ) ⊂ + .

Taking radicals on both sides, we get ( ) = ( ) = ( ) ∩ ( ). □

Step 3. In the final step, we will show that

Theorem 4.1.9 There is an isomorphism of -algebras

[ ]∧
, , − , ( ), +

∼−→ [ , ]∧
( , ), − , ( )

.

The map is defined by replacing the entries of by − and the entries of by .

Proof We only need to show that the entries of
∧

lies in the ideal ′ ⊂ [ ] generated by the entries of
the following matrices ∧

( , ), , − , ( ), + .

Notice that the entries of
∧

not already contained in
∧

( , ) fall into the following two cases:

(i) The monomials of the form where is an entry of and is an entry of , see Remark 4.1.7.

(ii) The entries of
∧

( , ).

In case (i), to show that ∈ ′, we express in terms of the entries of using the relation =

− . Recall that =

( )
; we will focus on the case where is an entry of the block = ( ).

The cases when lies in , , or follow from analogous computations.
From = − and = , we have

= − =
(
−

−∑
=

− + − , + −
)
.

Write := = ( ) for now. Then the product can be rewritten as

=

−∑
=

− + − , + − ,

for some indices , , , . Recall that we are assuming = . Applying
∧

( , ) = and = ,
we have

=

−∑
=

− + − , + − , ( = )

=

−∑
=

− + − , + − ,

=

−∑
=

− + − , + − − + − , − + − , ( = )

=

−∑
=

− + − , + − − + − , − + − ,

= − + − , + −

−∑
=

− + − , − + − .

For the last equality, we use the identity

− + − , + − − + − , − + − − − + − , + − − + − , − + − = ,

which follows from the relation ( ) = . Therefore, we conclude that = follows from
∧

( , ) =
, = , ( ) = and = − , i.e., ∈ ′.
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In case (ii), we want to show that the entries of
∧

( , ) lie in the ideal ′. Substitute = − ,
and notice that (

−
−

)( )
=
( )( )

.

Therefore, the ideal generated by the entries of
∧

( , ) =
∧ (
−

)
is equal to the ideal

generated by the entries of
∧ ( )

, which is contained in ′. □

Remark 4.1.10 Using the same computation, we can show that the ideals and of the “irreducible
components” defined in Remark 4.1.7 can be simplified into the ideals in [ , ], generated by the entries
of following matrices:

:
∧

, , and :
∧

( , ), − , ( ), .

4.2 Reducedness of the strengthened spin model for a strongly non-special
parahoric subgroup

For the simplicity of notation, we substitute

= , and = . (4.2.1)

Note that this differs from the , we defined in (3.1.4). The goal of this and next subsections is to
prove the following theorem:

Theorem 4.2.1 Suppose ≥ and = { } is strongly non-special. Consider the affine scheme =
[ , ]∧

( , ), − , ( )
. Define the following closed subschemes of :

, :=
[ , ]

,
∧ , and , :=

[ , ]∧
( , ), − , ( ),

,

and their scheme-theoretic intersection:

, :=
[ , ]

,
∧

( ),
.

Define the worst point {∗} to be the closed point defined by = , = . Then

(i) The affine scheme is reduced and Cohen-Macaulay of dimension − , with the singular locus , .
It is Gorenstein when = + (but not clear for the other cases).

(ii) The affine schemes , and , are the irreducible components of . Each is normal and Cohen-
Macaulay of dimension − , with singular locus the worst point.

(iii) The affine scheme , is normal and Cohen-Macaulay of dimension − , with singular locus the
worst point.

In this subsection, we verify Theorem 4.2.1(i) using the theory of symmetric determinant varieties,
as developed in a series of papers by A. Conca. Below, we summarize the relevant results:

Theorem 4.2.2 Suppose ≥ and − ≥ . Let =
[ , ]∧

( , ), − , where and are matrices of

indetermines of size ( − )×( − ), resp., ( − )× . Then the ring is normal and Cohen-Macaulay
of dimension . It is Gorenstein if and only if = + .

Proof Since − ≥ , the dimension of is given by [Co94-2, Page 52]. Note that there is a typo in
Conca’s formula, the correct expression for the dimension is

( ) = ( + + − − )( − ).

Applying = = − , = and = , we obtain the dimension in our setting.
By [Co94-2, Proposition 2.5], the ring is a Cohen-Macaulay domain. By [Co94-1, Theorem 2.4],

is normal. According to the same theorem, it is Gorenstein if and only if ( − ) = + , i.e., when
= + . □
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Corollary 4.2.3 The ring is Cohen-Macaulay. When = + , it is Gorenstein.

Proof Recall that a local ring ( , ) is Cohen-Macaulay (resp. Gorenstein) if and only if /( ) is Cohen-
Macaulay (resp. Gorenstein) for some non-zero-divisor ∈ ⊂ in the maximal ideal; cf. [Stacks, 02JN] (resp.
[Stacks, 0BJJ]).

The ring =
[ , ]∧

( , ), − is an integral domain by Theorem 4.2.2, so the element ( ) is not a zero-

divisor. It follows that the scheme =
( )

is Cohen-Macaulay. Moreover, when = + , Theorem

4.2.2 implies that is Gorenstein, and hence =
( )

also Gorenstein in this case. □

Remark 4.2.4 The cited result [Stacks, 0BJJ] is purely local. For example, given a closed subscheme ⊂ =
, it is possible for to be Gorenstein even if is not.

Denote the ideal

=
(∧

( , ), − , ( )
)
⊂ [ , ].

And recall

=
(

,
∧ )

, =
(∧

( , ), − , ( ),
)
.

Recall from Lemma 4.1.8 that we have ( ) = ( ) ∩ ( ).

Proposition 4.2.5 (i) The spectra of , = / and , = / are irreducible of dimension − , and
are smooth away from the worst point.

(ii) The spectrum of , = /( + ) is irreducible of dimension − , and is smooth away from the
worst point.

Proof For part (i), the irreducibility of , follows directly from [BV98, (2.11)(1.1)].

For , = [ , ]/ =
[ , ]∧

( , ), − , ( ),
, note that the ideal is homogeneous. Therefore,

to show that , is irreducible of dimension − , it suffices to prove that the associated projective scheme

[ , ]∧
( , ), − , ( ),

,

is irreducible of dimension − .
Write the entries of the matrix

( )
as , where ≤ ≤ − and ≤ ≤ . To show

irreducibility, by [Stacks, 01OM], it suffices to verify that each principal open subset +( ) of this projective
variety is irreducible, and that the intersection of any two such principal open subsets is nonempty.

Consider the principal open subset +( ) for some fixed and . From the -minor relation =
, we deduce that = · . This identity holds even when = or = . Write

:= , := ,

then we have = .

Therefore, the principal open subset +( ) is isomorphic to the spectrum of a factor ring of the polyno-
mial ring [ , ] for ≤ ≤ − , ≤ ≤ , where, by construction, we always have = = .
Our goal is to express the ideal in terms of the variables and .

The relation = translates to the identity = for ≤ , ≤ − . In particular, we
have

= · . (4.2.2)

It is straightforward to verify that these relations exhaust all the consequences of the symmetry = .
Next, we compute the trace:

( ) = , − + , − − + · · ·+ − , = − + − − + · · ·+ − . (4.2.3)

Now, write = ( ), so that = , − + = − + . We have

=
( −∑

=

− + − , ,

)
×

.

29

https://stacks.math.columbia.edu/tag/02JN
https://stacks.math.columbia.edu/tag/0BJJ
https://stacks.math.columbia.edu/tag/0BJJ
https://stacks.math.columbia.edu/tag/01OM


Substituting in terms of and , we get

−∑
=

− + − , , =

−∑
=

− + − − + − + ,

= ( − + − + ) ·
( −∑

=

− + −
)
.

(4.2.4)

The next simplification depends on whether we are in case (a) ≤ ≤ − or (b) − + ≤ ≤ .
Case (a). When ≤ ≤ − . Since is invertible by (4.2.2), the equation (4.2.3) is equivalent to

− + − + · · ·+ − = .

Substituting this into (4.2.4), we see that all entries of vanish. Therefore, the affine coordinate ring of
the principal open subset +( ) is isomorphic to the factor ring

[ , ]

− , − , − , − + − − + · · ·+ −
.

Since we assume < − when is even and ≤ − when is odd, we have − > , and the
element

∑ −
= − + − is irreducible. Therefore, any element of the form is not a zero-divisor.

This shows that +( ) ∩ +( ) ̸= for any , .
Replacing each by , the affine coordinate ring of +( ) becomes isomorphic to

[ , · · · , − , − + , · · · , , ]

− , − + · · ·+ −
.

The further simplification now divides into the following cases:

• When ̸= , and ̸= − , the factor ring is isomorphic to

[ , · · · ,̂ , · · · , −̂ + − , · · · , − , − + , · · · , , ].

Hence, the principal open subset +( ) is an open subset of an affine space of dimension − , and in
particular, it is irreducible.

• When ̸= and = − , the factor ring is isomorphic to

[ , · · · ,̂ , · · · , − , − + , · · · , , ]

( − + · · ·+ − − + − )− .

Hence, the principal open subset +( ) is a smooth irreducible variety of dimension − .

• When = and ̸= − , the factor ring is isomorphic to

[ , · · · ,̂ , · · · , −̂ + − , · · · , − , − + , · · · , ].

Hence, the principal open subset +( ) is an affine space of dimension − , and in particular, it is
irreducible.

• When = , and = − , the factor ring is isomorphic to

[ , · · · ,̂ , · · · , − , − + , · · · , ]

( − + · · ·+ − − + − )− .

Hence, the principal open subset +( ) is isomorphic to a smooth irreducible hypersurface of dimension
− in an affine space.

Case (b). When − + ≤ ≤ . Since = ( − +( −( − )) = , the ( + − , + − )’s
entry of (4.2.4) yields

− + · · ·+ − = . (4.2.5)

This identity implies both (4.2.3) and the vanishing of all entreies in (4.2.4). Therefore, the affine coordinate
ring of the principal open subset +( ) is isomorphic to the factor ring:

[ , ]

− , − , − , − + − − + · · ·+ −
.

Note that the relation − also holds when = . Since − > , any element of the form
is not a zero-divisor. This implies that +( ) ∩ +( ) ̸= for any , . Replacing each by ,
the affine coordinate ring is isomorphic to

[ , · · · , − , − + , · · · , ̂ , · · · , , ]

− , − + − − + · · ·+ −
.

Similarly, the further simplification now divides into the following cases:
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• When ̸= − , the factor ring is isomorphic to

[ , · · · ,̂ , · · · , −̂ + − , · · · , − , − + , · · · , ̂ , · · · , , ].

Hence, the principal open subset +( ) is an irreducible affine space of dimension − .

• When = − , the factor ring is isomorphic to

[ , · · · ,̂ , · · · , − , − + , , · · · , ̂ , · · · , , ]

( − + · · ·+ − − + − )− .

Hence, the principal open subset +( ) is isomorphic to a smooth irreducible hypersurface of dimension
− in affine space.

In all cases, the principal open subsets +( ) are irreducible of dimension − . Therefore, , is irreducible
of dimension − .

Next, consider the open subsets ( ) ⊂ , for ≤ ≤ − and ≤ ≤ . The complement of
the union

⋃
, ( ) corresponds to the worst point. Using the same computation as we did for +( ), we

can show that each affine open ( ) is smooth. In fact, the coordinate ring of ( ) is obtained from that
of +( ) by adjoining the variables “ ” and “ ”. It follows that the singular locus of , is contained

in the closed point defined by = , = , which is singular by the Jacobian criterion. This completes the
proof of part (i).

For part (ii), the same argument in part (i) also works for , . □

Corollary 4.2.6 The affine scheme is smooth outside , .

Proof Using the same argument as Proposition 4.2.5, we can show that − {∗} is reduced. To be more
precise, we compute the affine coordinate rings of the subsets ( ) for all possible and . Using the
substitution in (4.2.2) and (4.2.3), we find:

• When ≤ ≤ − , the open subset ( ) is isomorphic to

[ , · · · , − , , − + , · · · , , , ]

− , − , − + − − + · · ·+ −
;

• When − + ≤ ≤ , the open subset ( ) is isomorphic to

[ , · · · , − , , − + , · · · , , , ]

− , ( − + − − + · · ·+ − )
.

By (4.2.2) and (4.2.4), over each ( ), the relation = is equivalent to = , and = is
equivalent to − + − − + · · ·+ − = . From these isomorphisms, we see that a point in
( ) is singular if and only if − + ≤ ≤ , = , and − + − − + · · ·+ − ,

i.e., the point lies in the locus ( )∩ , . Therefore, −{∗} is reduced, and −{∗} is smooth. □

Corollary 4.2.7 The affine scheme is reduced.

Proof Recall Serre’s criterion, which states that a ring is reduced if and only if it satisfies condition ( )
and ( ); cf. [Stacks, 031R]. In our case, is Cohen-Macaulay by Corollary 4.2.3, and thus satisfies ( ).
Therefore, it remains to verify that satisfies ( ), i.e., it is regular in codimension . This is equivalent to
showing that the singular locus has codimension ≥ , which follows from Corollary 4.2.6. □

4.3 Geometry of the local model with strongly non-special level

In this subsection, we will prove the remaining part of Theorem 4.2.1.

Proposition 4.3.1 The affine scheme , is integral.

Proof Since , is irreducible by Proposition 4.2.5(ii), it remains to show that it is reduced. We will use
Gröbner basis methods to show this.

To simplify notation, let := − and := , so that is an × matrix. We choose the following
lexicographic monomial order on the entries of : < if < or = and < . This is a
diagonal monomial order, meaning that for each -minor [ | ] := − ( < , < ),
the initial monomial is the diagonal term .
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By [BCRV22, Theorem 4.1.1], the -minors [ | ] form a Gröbner basis of the ideal (
∧

) ⊂ [ ],
and the initial ideal (

∧
) is generated by the monomials , < , < .

The ( , )-entry ( ≤ ) of the matrix is given by
∑

= + − , , . After reduction modulo
the ideal generated by the -minors, the remainder term is:

• When = is even,

=
∑
=

+ − , , .

• When = + is odd,

=

(∑
=

+ − , ,

)
+ + , + , .

We claim that the set of elements

{[ | ] : < , < } ∪ { : ≤ } ⊂ [ ]

forms a Gröbner basis for the ideal
(∧

,
)
. We will verify this in the case = + , the same argument

applies when = .
Given polynomials and , define their -polynomial as

( , ) :=
( ( ), ( ))

( )
− ( ( ), ( ))

( )
.

Recall the Buchberger Criterion from [BCRV22, Theorem 1.2.13], which states that a set of generators
( , · · · , ) of an ideal forms a Gröbner basis if and only if all -polynomials ( , ) reduce to
modulo , · · · , . In our setting, it suffices to consider the following two cases:

(a) = and = [ | ], where ( ) and ( ) share a common factor.

(b) = and = , where ( ) and ( ) share a common factor.

We will compute the -polynomial in each case.
Case (a). When = and = [ | ], where ( ) and ( ) share a common factor. Since
( ) = and ( ) = , the condition that they share a common factor implies that either

= or = , i.e. = , = or = , = .
Consider the case = , = . Then < = < , and we have

( , ) = +

( (∑
=

+ − , ,

)
+ + , + ,

)
, ( ( , )) = .

Note that

( , )− =

(∑
=

+ − , ( − )

)
+ + , ( + , − + , ),

where ( ) = ( ( , )), and each term ( + − , ( − )) < ( ( , )). Therefore,
the -polynomial ( , ) reduces to zero modulo the chosen generators. A Similar computation applies to
the case = , = .
Case (b). When = and = , where ( ) and ( ) share a common factor. Since ( ) =

and ( ) = , this assumption implies that either = or = . When = , we
have

( , ) =

(∑
=

+ − , ( − )

)
+ + , ( + , − + , ).

Each term in the sum lies in the ideal generated by the -minors [ | ]. Hence, ( , ) reduces to zero
modulo the chosen geneators. A similar computation works for the case when = .

Therefore, the set of elements {[ | ] : < , < } ∪ { : ≤ } forms a Gröbner basis of the
ideal

(∧
,

)
. In particular, the initial ideal ( ) is generated by monomials of the form with

( , ) ̸= ( , ).

Now, suppose ̸= ∈ [ ]∧
,

is a nilpotent element. Then = for some , and hence

( ) ∈
(∧

,
)
. This is impossible unless = since the latter is generated by square-free quadratic

monomials. □

Proposition 4.3.2 The affine schemes , and , are integral.
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Proof The affine scheme , is integral by the theory of determinant varieties, see [BV98, (2.11)].
To show that , is integral, we retain the notation from Lemma 4.1.8. By Remark 4.1.10, we have the

following isomorphisms:

≃ [ ]

+
, , ≃

[ ]

+
, , ≃

[ ]

+
, , ≃ [ ]

+ +
.

as described in Theorem 4.1.9. We know that: + is radical by Corollary 4.2.7, + is prime as shown
above, + + is prime by Proposition 4.3.1, ( + ) is prime by Proposition 4.2.5(i). We want to show
that + itself is a prime ideal.

Suppose ∈ + ⊂ + + . Then ∈ + + , so we may write = + with ∈ and
∈ + . Then = + for some ∈ [ ], hence ∈ + . Since + ∈ ( + ) ⊂ + , we

have ∈ + ⊂ + . Therefore, = + ∈ + and + = ( + ) is a prime ideal. □

Corollary 4.3.3 (i) The affine schemes , and , are the irreducible components of . They are
normal and Cohen-Macaulay, with singular locus {∗}.
(ii) The affine scheme , is the intersection of the irreducible components of . It is normal and Cohen-
Macaulay, with singular locus {∗}.

Proof (i) Recall from Lemma 4.1.7 that ( ) = ( , ) ∪ ( , ) . By Proposition 4.3.2 and Corollary
4.2.7, we may remove the “red”. Therefore, , and , are the irreducible components of . By Theorem
2.5.2 they are Cohen-Macaulay. They are also normal, since their singular locus, defined by = , = , has
dimension .

(ii) Recall that for a noetherian scheme with two irreducible Cohen-Macaulay components and , if the
intersection ∩ has codimension in both and , then ∩ is Cohen-Macaulay if and only if = ∪
is Cohen-Macaulay; cf. [Gö01, Lemma 4.22].

Since is Cohen-Macaulay by Theorem 4.2.1, and , and , are Cohen-Macaulay by (i), it follows
from [Gö01, Lemma 4.22] that , is also Cohen-Macaulay.

□

Now, we have finished the proof of Theorem 4.2.1: part (i) follows from Corollary 4.2.6 and Corollary
4.2.7; part (ii)(iii) follow from Corollary 4.3.3.

Remark 4.3.4 Since the intersection of the irreducible components , is singular with the singular point
defined by = , = , in particular, it is not regular. Therefore, the local model does not admit semi-stable
reduction.

Corollary 4.3.5 The local model { }( − , ) for strongly non-special { } over the ring of integers is

normal and Cohen-Macaulay. It is Gorenstein when = + .

Proof Recall that a flat scheme of finite type , over a discrete valuation ring with normal generic fiber and
reduced special fiber, is normal, cf. [PZ13, Proposition 9.2]. For us, since the generic fiber of the local model is
smooth, the normality follows. In particular, ∈ is not a zero-divisor. Therefore, by [Stacks, 02JN,0BJJ],
the local model is Cohen-Macaulay (resp. Gorenstein) if and only if its special fiber , is Cohen-Macaulay
(resp. Gorenstein). □

Remarks 4.3.6 We can also recover several known results from Theorem 4.1.9.

(i) When = , the matrix has size . Hence the ring becomes
[ ]

∧ ( ), − , ( )
, this recovers Pappas’s

result [Pa00] (but note that Pappas uses a different choice of hermitian form).

(ii) When = and = + , the matrices , resp., are of size × ( − ) and × . The

equation ( ) = implies = , and the ring =
[ , ]∧

( , ), − , ( )
is isomorphic to [ ], this recovers

Smithling’s computation [Sm15, 3.10, 3.11].

(iii) When = − and = , the equations ( ) = and = are equivalent to =

(
∗
∗

)
,

hence the ring is isomorphic to the ring

[ , , ]∧ ( ( )) ≃ [ , , ]

,
∧

,

( ) .
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This recovers the case studied by Yu [Yu19, 1.4.22, 1.4.23, 1.4.24].

(iv) We do not expect to recover the defining equations in the -modular case [RSZ17] ( = { } for = )
since then both , have size . This is not surprising, as this is the only case where the worst point does
not lie in the local model; cf. [PR09, Remark 7.4].

5 Reducedness for the general parahoric subgroup

5.1 Recollection of the (partial) affine flag varieties

In this subsection, we quickly review the theory of (partial) affine flag varieties of the ramified unitary
group, and its relation to the local model.

5.1.1 Local Dynkin diagram of quasi-split unitary groups

For the remaining part of the section, we will use the local Dynkin diagram, rather than the convention
(1.2.1) used in [PR08, 4.a]. When = + , the local Dynkin diagram takes the form

• • • •< < .

We label the vertices from left to right as , , · · · , .
When = , the local Dynkin diagram takes the form

• • • • •> .

A special vertex ′ corresponds to the lattice

′ :=

−∑
=

− + −
− + −

+ +
∑
= +

,

using the notation from §2.1.2. The remaining vertices, ordered from left to right, are labeled by
, , · · · , − , . The parahoric subgroups associated with ′ and are isomorphic under diagram

automorphism. Moreover, the parahoric subgroup corresponding to the index set { − , } in §2.1.2
coincides with the one generated by the vertices { ′, }. When working with the local Dynkin diagram,
the associated lattices do not form a lattice chain as defined in the sense of [RZ96, Definition 3.1];
see also §6.1.4. However, this issue is not relevant for the current section. For the remaining part of
the section, the index set will always refer to a non-empty subset of vertices of the local Dynkin
diagram. We will continue to refer the associated periodic lattice as a “lattice chain” indexed by .
Besides, the various moduli functors, □, remain well-defined in this context.

5.1.2 Unitary affine flag varieties

Let = (( )) be the field of Laurent power series with coefficients in , and = (( )) with
uniformizer such that = . We choose the split hermitian form as in §2.1.1 and associate with
it the unitary similitude group = ( , ).

We briefly recall some basic facts about the unitary similitude affine flag variety. The precise details
can be found in [PR09, Section 3.2]. For any non-empty subset of vertices of the local Dynkin
diagram, Pappas and Rapoport define a moduli functor , which is represented by an ind-scheme
called unitary affine flag variety, which parametrizes the set of periodic self-dual “lattice chains”
subject to certain conditions.

Note that the functor does not, in general, describe the same affine flag variety as described in
[PR08]; rather, it corresponds to the ind-scheme / + .

In what follows, we will apply the Frobenius-splitting properties of the Schubert varieties in the
, which descend from those in / + ◦ , cf. [PR09, §3.3].
Using the moduli description, the special fiber , of the naive local model admits an embedding

into the unitary affine flag variety ; cf. [PR09, §3.2]:

, ⊂ , ⊂ , ↪→ .
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This embedding is equivariant with respect to the action of the positive loop group + . As a result,
their reduced loci are unions of affine Schubert varieties.

This embedding arises functorially from the constructions. In other words, for any inclusion ′ ⊂ ,
we have a commutative diagram:

,
� � //

��

,
� � //

�� ��

′,
� � // ′,

� � // ′ .

The coherence conjecture implies that , is in fact the union of Schubert varieties indexed by
the admissible set ( ), where is the minuscule cocharacter corresponding to signature ( − , );
cf. [PR08, Theorem 11.3] and [Zhu14, Theorem 8.1]. In particular, , is reduced; cf. Theorem 2.5.2.

5.2 Flatness when ≥
Assume ≥ in this subsection. Fix a non-empty subset of vertices of the local Dynkin diagram.
Consider the natural embedding

, ⊂ , ↪→ . (5.2.1)

For any ∈ , we define ˜
, to be the pull-back along the affine flag varieties

˜
,

□

� � //

,{ }

�� ��

{ },
� � // { }.

Proposition 5.2.1 The special fiber , of the strengthened spin model, viewed as a closed subscheme of

, is equal to the scheme-theoretic intersection
⋂

∈
˜

,{ } ⊂ .

Proof The case where ′ ∈ will be addressed at the end of the proof. For now, assume ′ ̸∈ . In the
pull-back diagram (5.2.1), the schemes { }, , { }, and all admit moduli interpretations. Using these

descriptions, we identify the pull-back ˜ , with the moduli functor that assigns to each -algebra the set
of [[ ]]-lattice chains indexed by ± + :

· · · ⊂ ⊂ ⊂ · · · ⊂ ⊂ − = + ⊂ · · · (5.2.2)

in , such that the subchain { } ∈± + satisfies the following conditions:

(i) There is a natural inclusion of lattices in (( )) :(
⊗ [[ ]] [[ ]]

)
⊂ ⊂ − ⊗ [[ ]] [[ ]].

(ii) Via the identification
− ⊗ [[ ]] [[ ]]⊗ [[ ]] ≃

− ⊗ [[ ]] ≃ ⊗ ,

the lattices correspond to a chain of filtrations { ⊂ ⊗ } ∈± + , satisfying the axioms of the
strengthened spin model.

From this moduli description of ˜ , , it follows that the scheme-theoretic intersection
⋂

∈
˜ ,

parametrizes those lattice chains in (5.2.2) that satisfy both conditions (i) and (ii). This coincides with the
moduli functor of the strengthened spin model , .

Finally, consider the case when ′ ∈ . If ̸∈ , then the same argument applies after replacing ′ with
via the diagram automorphism. When { , ′} ⊂ , the lattice chain takes the form:

· · · ⊂ • ⊂ • ⊂
⊂

′
⊂

⊂
• ⊂ • ⊂ · · · .

Except that, the same argument follows.
□
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Theorem 5.2.2 When ≥ , Theorem 1.2.1 is true.

Proof Since ◦
{ − , } = ◦

{ , ′}, we have a group-theoretic identification of affine flag varieties

/ + ◦
{ − , }

∼= / + ◦
{ , ′}. By the coherent conjecture, this induces a natural isomorphism between

the corresponding local models { − , }
∼= { ′, }, with both identified as unions of Schubert cells indexed

by admissible sets. By Remark 4.3.6, together with [RSZ18, Proposition 9.12], or alternatively by [Yu19], we
have { − , } = { − , }. By Proposition 5.2.1, we also have { , ′} = { , ′}. Hence, we obtain an

abstract isomorphism { − , } ∼= { , ′}. It therefore suffices to prove the theorem for the index set
interpreted as a subset of the local Dynkin diagram.

By Theorem 4.2.1 in the strongly non-special case, and §1.4 for the other cases, the special fiber { }, of

the strengthened spin model is reduced. Therefore, the inclusion { }, = { }, ↪→ is a union of Schubert

varieties. It follows that the pullbacks ˜ ,{ } ⊂ are also unions of Schubert varieties. Since the intersection

=
⋂

∈
˜

,{ } ⊂ is an intersection of unions of Schubert varieties, it is compatiblely-Frobenius split
by [Gö01, Corollary 2.7], and hence reduced. □

Corollary 5.2.3 For the ramified unitary local model of signature ( − , ), the strengthened spin condition
LM8 implies the wedge condition LM6.

Proof Since the strengthened spin models are flat, it suffices to verify the claim over their special fiber. By
Proposition 5.2.1, this further reduces to the maximal parahoric cases.

Notice that the computations in Proposition 3.4.4 hold for all indices ≤ ≤ . Therefore, a similar
basis as in Corollary 3.4.7 can be constructed for self-dual, -modular, and almost -modular cases. When
is self-dual or almost -modular, we recover the same basis as in the Corollary 3.4.7. In the almost -modular
case, this agrees with [Sm15, Corollary 4.14]. In particular, all basis elements correspond to of type
( , − ) or ( , ). Thus, in the affine chart centered at the worst point, all × -minors of vanish, and
the wedge condition is automatically satisfied; cf. Proposition 3.5.2.

In the -modular case, only case (iv) of Proposition 3.4.4 occurs, so the element { + ,··· , } does not
appear in the basis. As a result, the worst point does not lie in the local model; cf. [PR09, Remark 7.4].
Nevertheless, the remaining elements in Corollary 3.4.7 still form a basis. In this case, one considers the open
chart around the “best point”, cf. [PR09, §5.3]. Since all basis elements are of type ( , − ), the wedge
condition again follows from the strengthened spin condition. □

From Proposition 5.2.1 one can deduce

Corollary 5.2.4 The local model is equal to the following scheme-theoretical intersection

, =
⋂
∈

−
,{ }( { }, ),

where ,{ } : , → { }, is the natural projection. □

Since the special fiber , of the local model is identified with the union of Schubert varieties
indexed by ( ), we obtain the following group-theoretic relation:

Corollary 5.2.5 We have the following identification:

( ) =
⋂
∈

−
,{ }(

{ }( )). □

This proves the vertex-wise conjecture in [PR09, §4.2] for the ramified unitary group of signature
( − , ). Haines and He have proven the conjecture for general groups using purely combinato-
rial methods, cf. [HH17]. It is worth noting that one of the original motivations for the vertex-wise
conjecture was to prove Corollary 5.2.4; cf. [PR09, Proposition 4.5] and [HH17, Remark 8.3].
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5.3 Flatness of the local model when =

In this subsection, we further show that the strengthened spin model is flat when residue field
has characteristic zero. We follow the strategy of Görtz [Gö01, Theorem 4.18]. We construct a standard
model that universally represents the special fiber of the strengthened spin model .

Let ′ := [ / ]. For each ≤ ≤ , define to be the free ′-module with basis
[ ]

, · · · , [ ]
,

[ ]
, · · · , [ ]

. We identify with throughout. For each , we define a nilpotent
operator

: −→ ,
[ ] 7−→ [ ]

,
[ ] 7−→ , for any ≤ ≤ .

For any ≤ , we define transition maps

: −→ , and : −→ ,

given by the following matrices:

=


∨

−
∨

 , and =


−

−
∨

 .

Note that also represents the transition maps , → , in §2.1.1. Similarly, corresponds
to the transition maps , → + , in §2.1.1. We define and to be the identity map.

For ≤ ≤ / , we define a perfect “symmetric” pairing ( , ) : − × → ′ by setting

(
[ − ]

,
[ ]
+ − ) = and (

[ − ]
,

[ ]
+ − ) =

for all ≤ ≤ , and zero on all other pairs.
For any ≤ ≤ / , let ( ) :=

∧
denote the -th wedge product. We define ⊂ ( )

to be the free submodule generated by the basis given in Corollary 3.4.7.
For any nonempty subset ⊂ { , , · · · , } satisfying (1.2.1), we define the standard model (of

the special fiber) as a projective scheme over ′. It represents the moduli functor that assigns to
each ′-algebra the set of families:

( ⊂ , ) ∈ ⊔( − ),

satisfying the following conditions:

(i) For all , is a -stable submodule, and a -direct summand of , of rank .

(ii) For all , , the natural map , : , → , carries into .

(iii) For all , the -bilinear pairing

, × − ,
( , )⊗−−−−→

identifies ⊥ with − inside − , .

(iv) For any ∈ , the line
∧

⊂ ( ) lies in the submodule , .

Given any strengthened spin model with the special fiber , over , we define the following
morphism:

: , −→ × ′ =: , ,

( ⊂ , )± + 7−→ ( ⊂ , ) ⊔( − ).

Here, the ⊗ -action on the LHS is replaced by the -action on the RHS. Since the notations on
both sides are compatible, the map is well-defined. By construction of the standard model, it is
clear that is an isomorphism.
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By Theorem 5.2.2, when ( ) = ≥ , the fiber , ≃ , is reduced. Applying the same
arguments as in [Gö01, Theorem 4.18], we have:

Proposition 5.3.1 The generic fiber , of the standard model is reduced. □

As a consequence, we obtain the following result:

Theorem 5.3.2 (i) For ̸= , the special fiber , of the strengthened spin model is reduced.

(ii) For ̸= , the strengthened spin model is flat, and thus represents the local model .

Proof (i) When ≥ , this follows from Theorem 5.2.2. When = , the special fiber , embeds into the
generic fiber of the standard model. Its reducedness then follows from Proposition 5.3.1.

(ii) This follows from the topological flatness established in Theorem 2.5.3.
□

Remark 5.3.3 By the same arguments, Corollaries 5.2.4 – 5.2.5 also hold when = .

6 Consequences and applications

6.1 Moduli description of the general unitary local model

In this subsection, we provide a moduli description of the Pappas–Zhu local model for any ramified
unitary group with signature ( − , ). In particular, this includes cases when the hermitian form is
not split, and thus may yield a non-quasi-split unitary group. Even in the split case, this description
is intrinsic — it does not rely on a choice of basis for the vector space or on a choice of uniformizer
in the ramified quadratic extension. As a result, it offers greater flexibility for applications. While the
strategy used here is well known and has appeared in the work of various experts, we include a detailed
exposition due to the lack of explicit references.

6.1.1 Hermitian forms over a local field

Suppose / is a ramified extension of -adic fields ( ̸= ) with uniformizers ∈ and ∈ ,
respectively, such that = . Let be a / -hermitian space of dimension ≥ , equipped
with a hermitian form : × → . We keep this notation throughout.

For each dimension , there are two isomorphism classes of hermitian spaces, denoted + and
−, distinguished by their Hasse invariant. The split hermitian space + = is equipped with

the hermitian form defined by ( , ) = ¯
, + − . The associated unitary similitude group

( +, ) is quasi-split.
The non-split space is − = − ⊕ , equipped with the non-split hermitian form − = − ⊕
, where − is the split hermitian form on − , and (( , ), ( , )) = − for

some ∈ × representing the nontrivial class in ×/ ( ×) ≃ / .
When = is even, the non-split hermitian space ( −, −) gives rise to a non-quasi-split unitary

similitude group ( −, −). In this case, the hermitian space does not contain any -modular vertex
lattice. The vertex lattice − of type − defines a special parahoric subgroup.

When is odd, the groups ( +, ) and ( −, −) are isomorphic and quasi-split.
In both cases, the hermitian form becomes splits over a finite unramified extension. Therefore, the

associated unitary similitude group becomes quasi-split after passing to such an extension.

6.1.2 Pappas-Zhu local model

Let ( , ) be an arbitrary hermitian space over / , and let := ( , ) be the associated unitary
similitude group.

Fix a local model triple ( , { }, ) (cf. [HPR20, §2.1]), where { } is a geometric conjugacy class
of cocharacter of , corresponding to signature ( − , ) (the reflex field is since ≥ ); cf. [PR09,
§2.4] or §1.4. Here, ⊂ ( ) is a parahoric subgroup, with associated smooth group scheme defined
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over . Associated to this local model triple, we obtain the Pappas–Zhu local model ( , { }),
defined over and equipped with an action of ; cf. [HPR20, Theorem 2.5].

Let / be a finite unramified extension such that the base change of the hermitian form
becomes splits. Set := . By choosing a splitting basis, we obtain an isomorphism

= ( , ) ≃ ( +, ). (6.1.1)

Under this isomorphism, the parahoric subgroup ( ) = ⊂ ( ) becomes conjugate to ◦ for
some index set as described in §2.1. We say that is strongly non-special if the corresponding ◦

is strongly non-special. Therefore, we obtain an isomorphism of the local model triples:

( , { }, ) := ( , { }, ) ≃ ( ( +, ), { }, ◦). (6.1.2)

By [HPR20, Theorem 2.5, Proposition 2.7], this induces an isomorphism of Pappas-Zhu models

( , { })⊗ ∼−→ ( , { }) ∼−→ ◦( ( +, ), { }).

These isomorphisms are equivariant with respect to the group actions of and ◦ , respectively.
The following proposition is well-known to experts.

Proposition 6.1.3 The Pappas-Zhu model ◦( ( +, ), { }) associated with the local model triple

( ( +, ), { }, ◦) admits a natural closed embedding into the naive model . Under this closed embedding,
it is identified with the local model defined in §2.5.

Proof By the discussion in [PZ13, 8.2.4] (see also [HPR20, Lemma 4.1]), the Pappas-Zhu model admits a
closed embedding ◦( ( +, ), { }) ↪→ . Since both the Pappas-Zhu model and the local model are

defined as the scheme-theoretic closure over the generic fiber, the identification follows. □

6.1.4 Moduli description

For a parahoric subgroup ⊂ ( ), we choose a polarized self-dual lattice chain in , in the sense
of [RZ96, Definition 3.14], such that the connected component of its stabilizer is ; see [RZ96] or
[PZ13, §5] for an overview.

When is even, and the corresponding facet of the parahoric subgroup contains two special vertices
′ and (cf. §5.1.1), the naive filtration in the Bruhat-Tits building takes the form:

· · · ⊂ • ⊂ • ⊂
⊂

′
⊂

⊂
• ⊂ • ⊂ · · · ,

which is not a lattice chain in the sense of [RZ96, Definition 3.14]. However, it can be modified into
one by replacing ′ with − ; cf. [PR08, 4.b].

The base change of the lattice chain to in corresponds to the parahoric subgroup
⊂ ( ). When ( , ) = ( +, ), the lattice chain is, up to conjugation, the one defined in §2.1.1.
Among those data, we define a moduli functor ( , ) over , in the sense of [RZ96, Definition

3.27], which we refer to as the naive model.
We now formulate the strengthened spin condition. Recall from Remark 2.4.1 that, since the sym-

metric form on = ⊗ is always splits, there is a natural decomposition =
∧

= ⊕ − .
The sign ± here is determined via the isomorphism to the pair ( +, ). As mentioned in §2.3.2, this
decomposition is intrinsic, once a framing basis is fixed. Moreover, the decomposition = − ⊕
always exists; we define , :=

∧
− ⊗

∧
. For any lattice ⊂ , set

( ) ,
± := ,

± ∩ ( ) ⊂ where ( ) :=
∧

( ⊗ ).
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For any -algebra , define

,
(− ) ( )( ) :=

[
( ) ,

(− ) ⊗ −→ ( )⊗
]
.

We introduce the following moduli functor:

Definition 6.1.5 Let and be as above. We define a moduli functor ( , ) over , which assigns to
each -algebra the following data:

• a functor 7→ from (viewed as a category whose morphisms are lattice inclusions in ) to the category
of ⊗ -modules; and

• a natural transformation of functors : → ⊗ ,

satisfying the following conditions:

LM1&2.For all ∈ , is a ⊗ -submodule of ⊗ , which is an -direct summand. The morphism
is the inclusion ⊂ ⊗ .

LM3.For all ∈ , the composition

⊂ ⊗ −→ ⊗
identifies with .

LM4.For all ∈ , under the perfect pairing ( ⊗ )× (̂⊗ )→ induced by ⟨ , ⟩, where ̂ denotes the
dual lattice of , the submodules and ̂ pair to .

LM8.For all ∈ , the line
∧

⊂ ( )⊗ is contained in − ,
− ( )( ).

The naive model ( , ) is defined similarly, except that axiom LM8 is replaced by the Kottwitz
(determinant) condition.

Remark 6.1.6 By definition, when the hermitian form is split and is the standard lattice chain as in §2.1,
the functors ( , ) and ( , ) can be identified with the naive model and the strengthened spin model
defined in §2.2 and §2.4 respectively.

Theorem 6.1.7 The moduli functor ( , ) represents the Pappas-Zhu model ( , { }).

Proof By [HPR20, Lemma 4.1], the Pappas-Zhu model ( , { }) admits a natural closed embedding into
the naive model ( , ):

( , { }) ↪→ ( , )←↩ ( , ).

As a result, it suffices to identify ( , ) and ( , { }) as closed subschemes of ( , ).
Let / be a finite unramified extension that splits the hermitian form, inducing an isomorphism of

local model triples and corresponding Pappas-Zhu models as in (6.1.1) and (6.1.2). Fixing a splitting basis as
in §2.1, we obtain the following commutative diagram:

( , { }) �
�

//

∼=
��

( , )

∼=
��

� � // ( , )

∼=
��

◦( ( +, ), { }) �
�

// � � // .

The right-hand square commutes by the moduli description. The left-hand square commutes since the Pappas-
Zhu model is defined as the scheme-theoretic closure of the generic fiber of the naive model (see [HPR20,
Lemma 4.1]).

By Proposition 6.1.3, the two closed subschemes at the bottom of the diagram coincide. Thus, the diagram
identifies ( , { }) with ( , ) . Descending from to , we conclude that ( , { }) is identified
with ( , ). □

6.2 Moduli description of the irreducible components over the special fiber

In this subsection, we provide a moduli description of the irreducible components of the special fiber
of the local model, in the case where the parahoric subgroup is strongly non-special.

Consider the moduli functor := ( , ) defined in (6.1.2). We may choose a lattice ∈ such
that

∨ ⊂ ⊂ − ∨. (6.2.1)
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This lattice can be extended to a self-dual lattice chain. When the hermitian space is split, such a
lattice corresponds to in §2.1.

The inclusions of the lattices induce two transition maps in the moduli functor:

∨
∨

−→ −→ − ∨ . (6.2.2)

By periodicity, the moduli functor can be restricted to the subchain (6.2.1) without loss of generality.
For simplicity, we adopt this convention throughout the subsection.

Definition 6.2.1 The projective scheme , is defined as a closed subscheme of . It represents the moduli
problem that assigns to each -algebra the set of families

, ( ) :=

{
( ∨

∨
−→ −→ − ∨) ∈ ( ) | ( ) ⊂ ( ⊗ ) ∨

}
.

Similarly, we define , as the projective scheme representing the moduli problem that assigns to each ⊗
-algebra to the set

, ( ) :=

{
( ∨

∨
−→ −→ − ∨) ∈ ( ) | ∨( ∨) ⊂ ( ⊗ )

}
.

We define their scheme-theoretic intersection as , := , × , .

Theorem 6.2.2 The geometric special fiber ,¯ of the local model = ( , ) has two irreducible compo-
nents, denoted , ,¯ and , ,¯, whose intersection is , ,¯. When the hermitian space splits, all statements
valid without base change from to ¯ .

Proof After passing to a suitable unramified extension, we may assume that = { } for some chosen as

in Theorem 1.3.2. Up to conjugation, the lattices chosen in (6.2.1) can be identified with those in (2.1.1):

≃ , ∨ ≃ − and − ∨ ≃ − .

By passing to the open affine chart around the worst point, as described in §3.1, and using the reordered
basis from (3.1.3), it suffices to identify the two irreducible components , and , with , and , ,
respectively.

Choose a -point =

( )
∈ { }, . By (3.2.1), we have

( ) =


−




−

 =


 .

Recall from Theorem 3.5.8 that the strengthened spin condition implies = . Moreover, the worst point

( ⊗ ) ∨ = ( ⊗ ) − , is represented by the matrix

( )
. Therefore, the condition ( ) ⊂ ( ⊗ ) − ,

is equivalent to = .

Similarly, choose a -point − =

( )
; we have

( − ) =

 −

−




−

 =


−

 .

Recall from (3.2.3) that we have the identification

=

( )
=

(
− −

)
.

Therefore, by Theorem 3.5.8, the condition ∨( − ) ⊂ ( ⊗ ) , is equivalent to = . The identification
now follows, since over the open affine chart of the worst point, the irreducible components of are defined
by the equations = and = respectively; cf. Remark 4.1.7 and Corollary 4.3.3. □
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6.3 Application to Shimura varieties

We next provide a moduli description for the arithmetic model of unitary similitude Shimura varieties.
For simplicity, we focus on the case where the hermitian form is defined over an imaginary quadratic
field. Except possibly for the Hasse principle, all statements remain valid in the more general setting
of a CM extension / , though the formulations become considerably more involved. For general
treatments, see [LZ21, §11] and [LMZ25, §6].

Let / be an imaginary quadratic extension. Consider an -vector space of dimension ,
equipped with a skew-hermitian form : × → . We define the unitary similitude group =
( , ). Fixing an embedding ↪→ , we assume that the base change has signature ( , − ).

This determines a conjugacy class of homomorphisms : / → , and the pair ( , ) defines
a Shimura datum of PEL type.

Now fix a prime ̸= that is ramified in / so that the base change to yields a ramified
extension / . Let := be the unitary similitude group associated with the induced hermitian
form = . Choose a parahoric subgroup ⊂ ( ), which can always be realized as the connected
component of the stabilizer of some self-dual chain of lattices in := .

Up to conjugation, such lattice chains correspond bijectively to non-empty subsets of the local
Dynkin diagram of ˘ . We say that is non-connected if = and the corresponding subset of the
Dynkin diagram contains no special vertices; otherwise, we say is connected.

Let ′ := ( )( ) and = ◦
( )( ) denote the full and connected stabilizers, respectively. Then

= ′ if and only if is connected.
Finally, fix an open compact subgroup ⊂ ( ) and define := and ′ := ′ as

compact open subgroups of ( ).
We define a Deligne-Mumford stack ′ over by modifying the construction in [RZ96]. Let

be a -algebra; we associate to it the groupoid of the data ( , , ,̄ ¯) satisfying the following
conditions:

(i) = { } ∈ is an -indexed family of abelian schemes over , each equipped with a compatible
action :

: → ⊗ .

(ii) a -homogeneous principal polarization on the -family .

(iii) is a -level structure

: ( , ) ≃ ⊗ mod ,

which respects the bilinear forms on both sides up to a constant in ( )×.

In addition, for each ∈ , consider the Hodge filtration on the de Rham homology:

( ) ↪→ ( ). (6.3.1)

There exists an étale cover ′/ such that the chain of de Rham homologies { ( )} ∈ becomes iso-
morphic to the corresponding lattice chain after base change: ( )⊗ ′ ≃ ′ ; cf. [RZ96, Appendix
to Chapter 3]. We may then regard ( ) ′ as a subbundle of ′ . We impose the strengthened spin
condition that ∧

( ( ) ′) ⊂ − ,
− ( )( ′).

The strengthened spin condition we impose here is independent of the choice of étale cover ′/ ,
thanks to the following lemma.

Lemma 6.3.1 ([RSZ18, Lemma 7.1]) For any -algebra and lattice ∈ , the submodule ,
± ( )( ) ⊂∧

⊗ is stable under the natural action of ( )( ) on
∧

⊗ . □

The main theorem is the following:

Theorem 6.3.2 The moduli functor ′ is representable by a flat and normal Deligne-Mumford stack over
( ). When the lattice chain is connected, ′ defines an integral model of the Shimura variety ( , ).
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In the non-connected case, there exists a étale double cover → ′ , together with an open immersion
( , )⊗ ↪→ , such that the following diagram is cartesian:

( , )⊗

□

� � //

�� ��

′( , )⊗ � � // ′ .

Proof By Lemma 6.3.1, the strengthened spin condition descends through the local model diagram and cor-
responds to the strengthened spin model. The moduli functor ′ is a closed subfunctor of the naive moduli
functor ′ defined in [RZ96], cut out by the strengthened spin condition, which is a closed condition. There-
fore, ′ is representable by a Deligne-Mumford stack over ( ). By Theorem 6.1.7 and local model diagram,
the stack ′ is flat and normal. The étale double cover mentioned in the end of the theorem arises from the
difference between and ◦, as explained in [PR09, Section 1.2, Proposition 1.1]. □

Remark 6.3.3 As pointed out in [PR09, §1.3], the Shimura varieties ( , ) and ′( , ) have isomorphic
geometric connected components.

7 Proofs of some results in Section 3

In this section, we give the proofs left in §3. Recall that the lattice is generated by

− ⊗ , · · · , − ⊗ , + ⊗ , · · · , ⊗ ; ⊗ , · · · , ⊗ , + ⊗ , · · · , ⊗ .

Throughout the proof, we will boldface the worst terms in each expression. Below are the terms of ,
with their worst terms indicated in bold:

⊗ − ⊗ − , · · · , ⊗ − ⊗ − ; + ⊗ − + ⊗ − , · · · , ⊗ − ⊗ − ;

⊗ + ⊗ − , · · · , ⊗ + ⊗ − ; + ⊗ + + ⊗ − , · · · ⊗ + ⊗ − .

Recall the notation convention [ , +̂ ] in (3.4.1).

7.1 Proof of Proposition 3.4.1

In this subsection, we will give the proof of Proposition 3.4.1. The following lemma will be useful.

Lemma 7.1.1 ([Sm15, equation before Lemma 4.9])

∧ + = ( ⊗ ) ∧ ( ⊗ − ) = ( ⊗ ) ∧ ( − ⊗ ). □

Proof of Proposition 3.4.1 (i) When = { , · · · , ̂ , · · · , , + } for some ≤ ≤ , we have

= ( ⊗ − − ⊗ ) ∧ · · · ∧ ̂( ⊗ − − ⊗ ) ∧ · · · ∧ ( ⊗ − − ⊗ )

∧ ( + ⊗ − + ⊗ − ) ∧ · · · ∧ ( ⊗ − ⊗ − ) ∧ ( ⊗ + − ⊗ ).

A quick simplification shows that

= (− ) + −( − )
{ + ,··· , }

+ (− ) + −( − − )
[ −∑

=

(− )
[ ,̂ + ]

+
∑
= +

(− )
[ ,̂ + ]

+
∑
= +

(− )
[ ,̂ + ]

]
+ (− ) + −( − − )

[ , +̂ ]
+ ( −( − − ),

= (− ) + −( − )
[
(− ) { + ,··· , } +

(∑
̸=

(− )
[ ,̂ + ]

)
+ (− ) +

[ , +̂ ]

]
+ ( −( − − )),

= (− ) + −( − )
[

{ + ,··· , } +
(

(− ) +
[ , +̂ ]

+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − )).
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(ii) When = { , · · · , ̂ , · · · , , + } for some + ≤ ≤ , the argument proceeds exactly as in the
case ≤ ≤ .

(iii) When = { , · · · , ̂ , · · · , , + } for some , ≤ , ̸= , we have

= ( ⊗ − − ⊗ ) ∧ · · · ∧ ̂( ⊗ − − ⊗ ) ∧ · · · ∧ ( ⊗ − − ⊗ )

∧ ( + ⊗ − + ⊗ − ) ∧ · · · ∧ ( ⊗ − ⊗ − ) ∧ ( ⊗ + − ⊗ ),

= ( ⊗ ) ∧ · · · ∧ ̂( ⊗ ) ∧ · · · ∧ ( ⊗ ) ∧ (− + ⊗ − )

∧ · · · ∧ (− ⊗ − ) ∧ ( − ⊗ ) + ( −( − − )),

= (− ) − (− ) − · −( − − )
[ , +̂ ]

+ ( −( − − )),

= (− ) + −( − − )
[ , +̂ ]

+ ( −( − − )).

(iv) When = { , · · · , ̂ , · · · , , + } for some ≤ < , we have

= ( ⊗ ) ∧ · · · ∧ · · · ( ⊗ ) ∧ (− + ⊗ − ) ∧ · · · ∧ ̂(− ⊗ − )

∧ · · · ∧ (− ⊗ − ) ∧ ( − ⊗ ) + ( −( − − )),

= (− ) − · (− ) − − · ( − − )+
[ , +̂ ]

+ ( −( − − )),

= (− ) −( − − )
[ , +̂ ]

+ ( −( − − )).

(v) When = { , · · · , ̂ , · · · , , + } for some ≤ < , we have

= ( ⊗ ) ∧ · · · ∧ ̂( ⊗ ) ∧ · · · ∧ ( ⊗ ) ∧ (− + ⊗ − )

∧ · · · ∧ (− ⊗ − ) ∧ ( ⊗ ) + ( −( − )),

= (− ) − · (− ) − · −( − )
[ , +̂ ]

+ ( −( − )),

= (− ) + −( − )
[ , +̂ ]

+ ( −( − )).

(vi) When = { , · · · , ̂ , · · · , , + } for some , > , we have

= ( ⊗ ) ∧ · · · ∧ · · · ( ⊗ ) ∧ (− + ⊗ − ) ∧ · · · ∧ ̂(− ⊗ − )

∧ · · · ∧ (− ⊗ − ) ∧ ( ⊗ ) + ( −( − − )),

= (− ) − · (− ) − − · ( − − )
[ , +̂ ]

+ ( −( − − )),

= (− ) −( − − )
[ , +̂ ]

+ ( −( − − )).

□

7.2 Proof of Proposition 3.4.4

Recall from Remark 3.3.5 that if = { , , · · · , ˆ , · · · , , + }, then

( ) = (− ) +···+ − + + +
( + )

= (− ) + + .

Moreover, it is straightforward to see that

Lemma 7.2.1 and ⊥ have the same worst term. □

Proof of Proposition 3.4.4

Case 1. When = ⊥ and ̸= , these conditions are equivalent to = ∨ = + − with ̸= . We
have

( ) = (− ) + + = (− ) + = − .

Therefore, we have ( − ( ) ⊥) = ( ), and (i)(ii)(iii) follow directly from Proposition 3.4.1.

Case 2. When = , we have ( ) = (− ) + + = (− ) .
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(iv) When = ≤ , we have ∨ = ∨ > − . Therefore, we have

= (− ) + −( − )
[

{ + ,··· , } +
(

(− ) +
[ , +̂ ]

+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − ));

⊥ = (− ) + ∨+ −( − )
[

{ + ,··· , } +
(

(− )
∨+

[ ∨, +̂ ∨]
+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − )).

Since (− ) (− ) + ∨+ = (− ) + , the leading terms cancel. Therefore, we have

− ( ) ⊥ = (− ) + −( − − )
(

(− ) +
[ , +̂ ]

− (− )
∨+

[ ∨, +̂ ∨]

)
,

= (− ) + −( − − )
(

[ , +̂ ]
+ (− )

[ ∨, +̂ ∨]

)
.

(v) When + ≤ = ≤ , we have ∨ = ∨ ≥ + > . Therefore, we have

− ( ) ⊥

=
(

(− ) + + − (− ) (− ) + ∨+
)

−( − )
{ + ,··· , }

+ (− ) + + −( − − )
(

(− ) +
[ , +̂ ]

+
∑
=

(− )
[ ,̂ + ]

)

− (− ) (− ) + ∨+ −( − − )
(

(− )
∨+

[ ∨, +̂ ∨]
+
∑
=

(− )
[ ,̂ + ]

)
+ ( −( − − )),

= (− ) + + −( − )

[
{ + ,··· , } +

(
(− ) +

[ , +̂ ]
+ (− )

∨+
[ ∨, +̂ ∨]

+
∑
=

(− )
[ ,̂ + ]

)]
+ ( −( − − )).

(vi) When = = + (which occurs only when is odd), the result follows directly from case (v).

Case 3. When ̸= ⊥, ̸= and < ∨, as in Case 1, it suffices to consider only the worst term.
(vii) When < ∨ ≤ , we have < < , ∨ ≤ < ∨. In this case, we have

( ) = (− ) −( − − )
[ , +̂ ]

, ( ⊥) = (− ) −( − − )
[ ∨, +̂ ∨]

.

Hence
( − ( ) ⊥) = (− ) −( − − )

(
[ , +̂ ]

− (− ) + +
[ ∨, +̂ ∨]

)
.

(viii) When ≤ < ∨ < ∨, we have ≤ < , < ∨ ̸= ∨. In this case, we have

( ) = (− ) −( − − )
[ , +̂ ]

, and ( ⊥) = (− ) −( − − )
[ ∨, +̂ ∨]

.

Hence
( − ( ) ⊥) = (− ) + + + + −( − − )

[ ∨, +̂ ∨]
.

(xi) When ≤ and ∨ ≤ ∨, we have ̸= ≤ , < ∨ ̸= ∨. In this case, we have

( ) = (− ) + −( − − )
[ , +̂ ]

, and ( ⊥) = (− ) −( − − )
[ ∨, +̂ ∨]

.

Hence
( − ( ) ⊥) = (− ) + −( − − )

(
[ , +̂ ]

+ (− ) + +
[ ∨, +̂ ∨]

)
.

(x) When < < ∨ < ∨, we have < ̸= , < ∨ ̸= ∨. In this case, we have

( ) = (− ) −( − − )
[ , +̂ ]

, and ( ⊥) = (− ) −( − − )
[ ∨, +̂ ∨]

.

Hence
( − ( ) ⊥) = (− ) −( − − )

(
[ , +̂ ]

− (− ) + +
[ ∨, +̂ ∨]

)
.

(xi) When < < ∨ ≤ ∨, we have ≤ < , < ∨ ̸= ∨. In this case, we have

( ) = (− ) + −( − )
[ , +̂ ]

, and ( ⊥) = (− ) −( − − )
[ ∨, +̂ ∨]

.

Hence
( − ( ) ⊥) = (− ) + −( − )

[ , +̂ ]
.

(xii) When ∨ ≤ < ∨, we have < < and ∨ ≤ < ∨. In this case, we have

( ) = (− ) + −( − )
[ , +̂ ]

, and ( ⊥) = (− ) + −( − )
[ ∨, +̂ ∨]

.

Hence
( − ( ) ⊥) = (− ) + −( − )

(
[ , +̂ ]

− (− ) + +
[ ∨, +̂ ∨]

)
.

□
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8 Integral equations of the local model

In this section, we explicitly express the affine ring of { } ⊂ { } defined in §3.1.

Theorem 8.0.1 Over the affine chart at the worst point of the local model, we write

=

( )
=

 
Then the affine chart is isomorphic to the factor ring of [ ] modulo the ideal generated by the entries of
the following matrices:

LM1. + = , + = , + = , + = ,

LM2. − + + = , − + = , + = , − − = ,

LM2. − = , − = , + = , − + = ,

LM6.
∧

( + ) = ,
∧

( − ) = ,

LM8. = , = , = − − , = , = − , = , ( ) = −( − − ) .

Hence, after simplification, the affine chart { } is isomorphic to the scheme

[ , ]∧
( , + ), − , ( ) + ( − − )

.

Let = ( + ) and = , it further simplifies into

[ , ]∧
( , ), − , ( )−

.

8.0.2

The equations defined above determine a closed subscheme ′ of { } ⊂ { }. We want to show that

{ } ⊂ ′ ⊂ { }. Once this inclusion holds, since { } ⊂ { } is equality over the generic fiber,

and ′ agrees with { } over the special fiber by having the same defining equations, it follows from

[GW20, Proposition 14.17] that { } = ′. Therefore, it suffices to verify that the relations in LM8

hold on . The argument is the same as in the proof of Theorem 3.5.8, except that we must keep track
of additional terms in the integral equations.

Note that since flatness has already been established, one may alternatively verify the defining
equations over the generic fiber, as in [Za23].

Recall that, with respect to the standard basis, we have =

( )
, where is defined in

(3.1.2). We write ∧
=

∑
=

∑
balanced

( − ( ) ⊥),

where , ⊂ { , · · · , } are subsets of size . All relevant relations arise from comparing the coeffi-
cients and for those of the type ( , ) and ( − , ), as in the special fiber analysis of §3.5.
Our goal is to express each − ( ) ⊥ as a linear combination of with of type ( , ) and
( − , ). We write “ ” for the terms involving of other types.

8.0.3

Recall that we define := { , + ,··· , +̂ ,··· , }. In particular, we have

[ , +̂ ] = + ∧ · · · ∧ + − ∧ ( ) ∧ + + ∧ · · · = (− ) −
[ , +̂ ].

Hence, = (− ) − .
It is straightforward from Proposition 3.4.1 or the proof of Proposition 3.4.4 that we have

Case 1. When = ⊥, ̸= , which is equivalent to + = + with ̸= .
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(i) When ≤ , we have

− ( ) ⊥ = (− ) −( − − )
[ , +̂ ] + .

(ii) When < ≤ − , ̸= , we have

− ( ) ⊥ = (− ) + −( − − )
[ , +̂ ] + .

(iii) When > − ⇒ ≤ , ̸= , we have

− ( ) ⊥ = (− ) + −( − )
[ , +̂ ] + .

Case 2. When = .
(iv) When = ≤ , we have

− ( ) ⊥ = (− ) + −( − − )
(

[ , +̂ ] + (− )
[ ∨, +̂ ∨]

)
+ .

(v) When < = ≤ , we have

− ( ) ⊥

= (− ) + + −( − )
[

{ + ,··· , } +
(
(− ) +

[ , +̂ ] + (− )
∨+

[ ∨, +̂ ∨]
+

∑
=

(− ) [ , +̂ ]

)]
+

(vi) When = = + (which occurs only when is odd), we have

− ( ) ⊥ = (− ) + −( − )
[

{ + ,··· , } +
(

(− ) [ + , +̂ + ] +
∑
=

(− ) [ , +̂ ]

)]
+ .

Case 3. When balanced, with ̸= ⊥ and ̸= .
(vii) When < ∨ ≤ , we have

− ( ) ⊥ = (− ) −( − − )
(

[ , +̂ ] − (− ) + +
[ ∨, +̂ ∨]

)
+ .

(viii) When ≤ < ∨ < − + , we have

− ( ) ⊥ = (− ) −( − − )
[ , +̂ ] + (− ) + + + + −( − − )

[ ∨, +̂ ∨]
+ .

(ix) When ≤ , ∨ ≥ − + , we have

− ( ) ⊥ = (− ) + −( − − )
(

[ , +̂ ] + (− ) + +
[ ∨, +̂ ∨]

)
+ .

(x) When < < ∨ < − + , we have

− ( ) ⊥ = (− ) −( − − )
(

[ , +̂ ] − (− ) + +
[ ∨, +̂ ∨]

)
+ .

(xi) When < < − + ≤ ∨, we have

− ( ) ⊥ = (− ) + −( − )
[ , +̂ ] + (− ) + + + + −( − − )

[ ∨, +̂ ∨]
.+ .

(xii) When − + ≤ < ∨, we have

− ( ) ⊥ = (− ) + −( − )
(

[ , +̂ ] − (− ) + +
[ ∨, +̂ ∨]

)
+ .

Note that only case ( ) and ( ) are different from Proposition 3.4.4.
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8.0.4

Next, we compare all the coefficients appearing in the above expression.

• For ≤ ≤ and − + ≤ ≤ , we have

= (− ) −( − − ) , and ∨ ∨ = (− ) + + + ∨+ ∨ −( − − )
∨ ∨ .

Hence

= (− ) − (− ) −( − − ) , and ∨ ∨ = (− )
∨− (− ) + + + ∨+ ∨ −( − − ) .

Therefore, we obtain = ∨ ∨ , which proves that = . Similarly we have = .

• For ≤ ≤ and + ≤ ≤ − , we have

= (− ) −( − − ) , and ∨ ∨ = (− ) + + + + −( − − ) .

Hence

= (− ) − (− ) −( − − ) , and ∨ ∨ = (− )
∨− (− ) + + + + −( − − ) .

Therefore, we obtain = ∨ ∨ , which proves that = .

• For + ≤ ≤ − and ≤ ≤ , we have

= (− ) + −( − ) , and ∨ ∨ = (− )
∨− (− ) + + + + −( − − ).

Hence

= (− ) − (− ) + −( − ) , and ∨ ∨ = (− )
∨− (− ) + + + + −( − − ).

Therefore, we obtain = − ∨ ∨ , which proves that = − .

• For + ≤ , ≤ − .
(i) When ̸= and + < + , we have

= (− ) −( − − ) , and ∨ ∨ = (− ) + + + + −( − − )
∨ ∨

Hence

= (− ) − (− ) −( − − ) , ∨ ∨ = (− )
∨− (− ) + + + + −( − − ) .

Therefore = ∨ ∨ .

(ii) When = . For ̸= + , we have

= (− ) −( − − )
∑

≤ ≤ −
̸=

(− ) + + , ∨ ∨ = (− )
∨ −( − − )

∑
≤ ≤ −

̸=

(− ) + + .

For ̸= + , we have

= (− ) −( − − )
∑

≤ ≤ −
̸=

(− ) + + , ∨ ∨ = (− )
∨ −( − − )

∑
≤ ≤ −

̸=

(− ) + + .

For = + , we have

+ , + = (− ) −( − − )
+ , + + (− ) + −( − − )

∑
= +

(− ) + + .
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Therefore, when ̸= + , we have

= (− ) −( − − )
∑
̸=

(− ) , ∨ ∨ = (− ) −( − − )
∑
̸=

(− ) .

+ , + = (− ) −( − − )
∑
̸= +

(− ) + (− ) + −( − − )
+ , + .

Hence, we deduce that = .

• Next since { + ,··· , } = , we get

∑
= +

(− ) + + −( − ) = .

Hence, we have ∑
= +

(− ) = (− ) + − .

(i) When = ,

( ) = (− ) −( − − )
∑
= +

(∑
̸=

(− )
)
,

= (− ) −( − − )
(
( − − )

∑
= +

(− )
)
,

= − ( − − ) .

(ii) When = + ,

( ) = + , + +
∑
= +

,

= (− ) + −( − − )
+ + (− ) −( − − )

( ∑
̸= +

(− )
)

+ (− ) −( − − )
( ∑

= +

∑
̸=

(− )
)
,

= (− ) −( − − )( − − )(− ) + −

= − ( − − ) .

This proves that ( ) = −( − − ) .

• Finally, when ≤ , ≤ .
(i) When ̸= , we have

= (− ) + −( − − ) , and ∨ ∨ = (− ) + + + ∨+ ∨ −( − − )

Hence

= (− ) − (− ) + −( − − ) , and ∨ ∨ = (− )
∨− (− ) + + + ∨+ ∨ −( − − ) .

Therefore, we obtain = − ∨ ∨ .

(ii) When = , we have

= (− ) + −( − − ) + (− )
∑
= +

(− ) + + −( − − ),
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∨ ∨ = (− ) + + −( − − )
∨ ∨ + (− )

∨ ∑
= +

(− ) + + −( − − ).

Hence

= (− ) + −( − − ) −
∑
= +

(− ) + + −( − − )
, ,

∨ ∨ = (− ) + + ∨ −( − − ) −
∑
= +

(− ) + + −( − − )
, .

Recall that
∑

= + (− ) = (− ) + − . Hence, + ∨ ∨ = − , which implies that
+ = − .
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